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ABSTRACT

Two-dimensional and three-dimensional statistical micromechanical damage
models with randomly located interacting microcracks are presented to investigate the
overall nonlinear mechanical responses of microcrack-weakened brittle solids. The
macroscopic stress-strain relations of elastic solids with interacting micro—cracks are
micromcghanicaﬂy derived by taking the ensemble average over all possible realizations.
Several different approximate analytical solutions of a two-crack interaction model are
introduced to account for micro—crack interaction among many randomly oriented and
located microcracks. The overall elastic-damage compliances of microcrack-weakened
brittle solids are also derived by further taking the volume average of the ensemble-
averaged stress-strain relations over the entire material mesostructural domain. Some
special examples are investigated by using the proposed methods. At variance with exist-
ing phenomenological damage models, the proposed framework does not employ any
fitted ‘‘material parameters’’. ‘‘Cleavage 1> microcrack growth and ‘‘evolutionary

damage models’’ within the proposed context are also presented.




1]

{2

(3]

(4]

(5]

[6]

(7]

(8]

LIST OF PUBLICATIONS AND PRESENTATIONS

"Effective Elastic Moduli of Two-Dimensional Brittle Solids with Interacting
Microcracks. Part I: Basic Formulations” (with T.M. Chen), J. of Appl. Mech.,
ASME, in press.

"Effective Elastic Moduli of Two-Dimensional Brittle Solids with Interacting
Microcracks. Part II: Evolutionary Damage Models” (with T.M. Chen), J. of Appl.
Mech., ASME, in press.

"A Three-Dimensional Statistical Micromechanical Theory for Brittle Solids with

Interacting Microcracks” (with K.H. Tseng), Int. J. of Damage Mechanics, Vol. 1,

No. 1, pp. 102-131, Jan. 1992.

"An Improved Two-Dimensional Statistical Micromechanical Theory for Elastic
Solids with Accurate Microcrack Interaction Formulations” (with K.H. Tseng), to
be submitted for publication.

Damage Mechanics in Engineering Materials, Ed. by J.W. Ju, D. Krajcinovic, and
H.L. Schreyer, AMD-Vol. 109 and MD-Vol. 24, ASME Press, New York,
November 1990, ISBN No. 0-7918-0554-9, 276 pages.

Recent Advances in Damage Mechanics and Plasticity, Ed. by J.W. Ju, AMD-Vol.
132 and MD-Vol. 30, ASME Press, New York, April 1992, ISBN No. 0-7918-
0902-1, 297 pages.

Damage Mechanics and Localization, Ed. by J.W. Ju and K.C. Valanis, AMD-Vol.
142 and MD-Vol. 34 ASME Press, New York, November 1992, ISBN No. 0-7918-
1086-0, 167 pages.

"On Two-Dimensional Micromechanical Damage Models for Brittle Solids with
Interacting Microcracks”, in Micromechanics of Failure of Quasi-Brittle Materials,

pp. 105-114, Ed. by S.P. Shah, S.E. Swartz, and M.L. Wang, Elsevier Applied Sci-
ence, London and New York, 1990.

it




[9] "On Two-Dimensional Statistical Micromechanical Damage Models for Brittle
Solids with Interacting Microcracks”, in Damage Mechanics in Engineering Materi-
als, pp. 17-26, Ed. by J.W. Ju, D. Krajcinovic, and H.L. Schreyer, AMD-Vol. 109
and MD-Vol. 24, ASME Press, New York, November, 1990, ISBN 0-7918-0554-9,
1990 ASME Winter Annual Meeting, held at Dallas, Texas, November 26-28, 1990.

[10] "On Statistical Micromechanical Process Damage Models for Brittle Solids with
Interacting Microcracks”, in "Mechanics Computing in 1990's and Beyond",
Proceedings of the 1991 ASCE Engineering Mechanics Specialty Conference (held
at the Ramada University Hotel, Columbus, Ohio, May 20-22, 1991), Vol. 2, pp.
1122-1126, ASCE Press, ISBN 0-87262-804-3.

[11] "On Statistical Micromechanical Theories for Brittle Solids with Interacting Micro-
cracks", in "Local Mechanics Concepts for Composite Material Systems", edited by
J.N. Reddy and K.L. Reifsnider, Proceedings of the 1991 TUTAM Symposium held
at Blacksburg, Virginia, pp. 117-139, Springer-Verlag, Berlin Heidelberg 1992,
ISBN 3-540-55547-1 and ISBN 0-387-55547-1.

{12] "On Statistical Micromechanical Damage Models for Brittle Solids with Interacting
Microcracks”, in Proceedings of the Third International Conference on Computa-
tional Plasticity: Fundamentals and Applications, (held at Univ. Politecnica de
Catalunya, Barcelona. Spain, April 6-10, 1992), Part 11, pp. 1467-1478, Pineridge
Press, Swansea, U.K., ISBN 0-90667-479-4.

[13] "Recent Development in Two-Dimensional Micromechanical Theories for Elastic
Solids with Interacting Microcracks” (with K.H. Tseng), in "Recent Advances in
Damage Mechanics and Plasricity”, pp. 91-102, Ed. by J.W. Ju, AMD-Vol. 132 and
MD-Vol. 30, ASME Press, New York, April 1992, ISBN 0-7918-0902-1, 1992
ASME Summer Mechanics Conference, held at Tempe, Arizona, April 28 - May 1,
1992.

iv




{14] "Two-Dimensional Statistical Micromechanical Models .or Microcracked Brittle
Solids” (with K.H. Tseng), in Proceedings of 1992 ASCE Engineering Mechanics
Conference, pp. 361-364, Ed. by L.D. Lutes and J.M. Niedzwecki, ASCE Press,
New York, May 1992, ISBN 0-87262-867-1, held at College Station, Texas, May
24-27,1992.

[15] "An Improved Two-Dimensional Statistical Micromechanical Theory for Elastic
Solids with Accurate Microcrack Interaction Models" (with K.H. Tseng), in Dam-
age Mechanics and Localization, pp. 69-82, Ed. by J.W. Ju and K.C. Valanis,
AMD-Vol. 142 and MD-Vol. 34, ASME Press, New York, November 1992, ISBN
0-7918-1086-0, 1992 ASME Winter Annual Meeting, held at Anaheim, California,
November 8-13, 1992,

[16] "An improved two-dimensional statistical micromechanical theory for elastic solids
with accurate microcrack interaction models”, 1992 ASME Winter Annual Meeting,
Symposium on Damage Mechanics and Localization, Anaheim, California,
November 11, 1992.

{17} "An improvzd two-dimensional statistical micromechanical theory for brittle solids
with randomly located interacting microcracks”, Department of Mechanical and

Industrial Engineering, New Jersey Institute of Technology, October 21, 1992,

[18] "Two-dimensional statistical micromechanical models for microcracked brittle
solids”, 1992 ASCE Engineering Mechanics Specialty Conference, Session on
"Material Softening and Damage Mechanics”, Texas A&M University, College Sta-
tion, Texas, May 25, 1992.

{19] "On statistical micromechanical models for brittle solids with randomly located
interacting microcracks”, School of Aerospace Engineering, Georgia Institute of

Technology, May 14, 1992.

[20] "Recent development in two-dimensional statistical micromechanical theories for

brittle solids with interacting microcracks”, 1992 ASME Summer Mechanics




Meeting, Symposium on Computational Models and Methods in Ccmposites,
Arizona State University, Tempe, Arizona, April 29, 1992.

[21] "On statistical micromechanical theories for brittle solids containing interacting
microcracks”, Third International Conference on Computational Plasticity, Session
on Damage Mechanics, Univ. Politecnica de Catalunya, Barcelona, Spain, April 9,

1992.

[22] "A eomplete second order statistical micromechanical theory for brittle solids with
microcracks”, Society of Engineering Science 28th Annual Technical Meeting,

Composites Symposium, University of Florida, Gainesville, November 8, 1991,

[23] "Two- and three-dimensional second order statistical micromechanical theories for
brittle materials with interacting microcracks”, International Union of Theoretical
and Applied Mechanics Symposium on "Local Mechanics Concepts for Composite
Material Systems", Virginia Polytechnic Institute and State University, Blacksburg,

Virginia, October 29, 1991.

[24] "On statistical micromechanical process damage models for brittle solids with
interacting microcracks”, ASCE Enginnering Mechanics Specialty Conference, Ses-
sion on "Micromechanics, Creep, and Rate Effects in Geomaterials”, Columbus,

Ohio, May 21, 1991,

[25] "On statistical micromechanical evolutionary damage models for brittle solids",
Department of Theoretical and Applied Mechanics, University of Illinois at

Urbana-Champaign, February 13, 1991.

[26] "On two-dimensional statistical micromechanical damage theories for brittle solids
with interacting microcracks”, ASME Winter Annual Meeting, Symposium on

"Damage Mechanics in Engineering Materials", Dallas, Texas, November 26, 1990.

Vi




Table of Contents

Preface

Abstract

List of Publications and Presentations
Table of Contents

Part 1. Effective Elastic Moduli of Two-Dimensional Brittle Solids with

Interacting Microcracks. I: Basic Formulations
1.0. Abstract

1.1.6 Introduction

1.2. Anensemble average approach to microcrack interaction and effective

moduli
1.2.1. Background
1.2.2. Ensemble average of microcrack-induced strains

1.2.3. Approximate analytical solutions of two-microcrack interaction

problem

1.2.4. Overall moduli of britile solids with interacting microcracks
1.3. Some special stationary examples

1.3.1. Dilute microcracks -- Taylor’s model

1.3.2. Aligned microcracks

1.3.3. Isotropic damage
1.4. Conclusions

1.5. References

vii

1

14

i4
15
16

19




1.6. Appendix L.
1.7. Appendix II.
1.8. Figure captions and figures

Part I1. Effective Elastic Moduli of Two-Dimensional Brittle Solids with

Interacting Microcracks. I1: Evolutionary Damage Models
I1.0. Abstract
IL1. Imr‘oduction
I1.2. Evolutionary models with microcrack interactions
11.2.1. Kinetic equations for microcrack growth
11.2.2. Dilute case -- Taylor’'s model
I1.2.3. Uniaxial and biaxial tension loadings
11.2.4. Biaxial tension/ compression loadings
I1.3. Numerical algorithms and applications
I1.3.1. Numerical integration algorithms
I1.3.2. Uniaxial tension loading tests
I1.3.3. Biaxial tension/ compression loading tests
11.4. Higher-order microcrack interaction models
I1.5. Conclusions
I1.6. References
I1.7. Figure captions and figures

Part III. A Three-Dimensional Statistical Micromechanical Theory for

Brittle Solids with Interacting Microcracks
111.0. Abstract

II1.1. Introduction

vili

23
25
26

32

32
23
35
36
38
39
44
45
45
46
47

43
51

c2
56

65

€S
€6




I11.2. Anensemble average approach to 3-D aligned microcrack interaction
111.2.1. Ensemble average< of microcrack-perturbed stresses and strains

I1.2.2. Approximare cxplicit solutions for pairwise interaction of aligned

microcracks

IT1.7.3. Some test problems for two-microcrack interaction
II1.3. Effective moduli of brittle solids with interacting microcracks
m.4. So;nc numerical examples

I1.4.1. Dilute noninteracting aligned microcracks

I11.4.2. Aligned interacting penny-shaped microcracks

I11.4.3. Comparison with some existing methods
IILS. A higher-order ensemble-average formulation of microcrack interaction
I11.6. Conclusions
ITI.7. References
I1.8. Appendix~1

II1.9. Figure captions and figures

Part IV. An Improved Two-Dimensional Micromechanical Theory for

Brittle Solids with Randomly Located Interacting Microcracks

IV.0. Abstract

I¥.1. Introduction

IV.2. Orthogonal function approximations of two-crack interaction problems
IV.2.1. Two-crack interaction problems
1V.2.2. Legendre and Tchebycheff polynomials
IV.2.3. Comparisons of Legendre and Tchebycheff approximations

IV.3. Other approximation methods

X

(4
63

4

75

T8
81
84
e
83
85
87
88

99
{04
107

{08
4109
109
1.
1414
149




IV 3.i. The zeroth-order approximations
IV.3.2. Other higher-order approximations
IV.3.3. Comparisons of SIFs for zeroth order approximation
IV.4. Applications of complex stress potentials to crack interaction problems
IV4.1. Concentrated loadings
IV.4.2. Arbirmary loadings
IV.4.§. Polynomial loadings
IV.5. Local and overall effective elastic moduli
IV.5.1. Local ensemble averaged moduli
IV.5.2. Overall ensemble averaged effective elastic moduli
IV.6. Some numerical examples
1V.7. Conclusions
1V.8. References

IV.S. Figure captions and figures

119
110

124

122
422

124
125
127
121
128
129
132
133
135




PART I
Effective Elastic Moduli of Two-Dimensional
Brittle Solids with Interacting Microcracks.

I : Basic Formulations

L.0. Abstract

Statistical micromechanical formulations are presented to investigate effective elastic moduli
of two-d}mensional brittle solids with interacting s/it microcracks. The macroscopic stress-strain
relations of elastic solids with interacting microcracks are micromechanically derived by taking
the ensemble average over all possible realizations which feature the same material microstruc-
tural geometry, characteristics, and loading conditions. Approximate analytical solutions of a
two-microcrack interaction problem are introduced to account for microcrack interaction among
many randomly oriented and located microcracks. The overall elastic-damage compliances of
microcrack-weakened brittle solids under uniaxial and biaxial loads are also derived. Therefore,
stationary statistical micromechanical formulation is completed. Moreover, some special cases are
investigated by using the proposed framework. At variance with existing phenomenological con-
tinuum damage models, the proposed framework does not employ any fitted “material parameters™.
“Cleavage 1” microcrack growth and “evolutionary damage models™ within the proposed context
will be presented in Part 11 of this ~~ries. It is emphasized that microstructural statistical informa-
tions are already embedded in the proposed ensemble-averaged equations and, therefore, no Monte

Carlo simulations are needed.




I.1. Introduction

The nonlinear mechanical responses of damaged solids due to the existence, growth, and nu-
cleation of microdefects (such as microcracks and microvoids) are of significant importance to
engineers, and have been t’ & subject of many investigations. See Krajcinovic (1989) for a liter-
ature review on damage mechanics. For brittle materials (e.g., concrete, rocks and ceramics), in
particular, microcracks often control overall deformation and failure mechanisms. To date, the
only exact results derived for microcrack-weakened brittle solids are for Jilute microcrack con-
centrations, where microcrack interactions are entirely neglected (i.e., “Taylor’s models”). On
the other hand, “effective medium methods” were proposed in the literature to account for inter-
action effects of microcracks. For example, the “self-consistent method” [Hill (1965)] was first
applied to microcrack-weakened solids by Budiansky and O’Connell (1976) with special attention
directed to perfectly randomly distributed and weakly interacting microcracks. The self-consistent
method was further developed by Horii and Nemat-Nasser (1983) to take into account the effects
of closed microcracks undergoing frictional sliding. Christensen and Lo (1979) proposed a three-
phase “generalized self-consistent model”. The “differential scheme” was investigated by Roscoe
(1952, 1973), McLaughlin (1977), and Hashin (1988). Further, the “Mori-Tanaka method” was
developed by Mori and Tanaka (1973), Benveniste (1986), and Zhao, Tandon and Weng (1989).
Some comparisons and assessments for the self-consistent method, the generalized self-consistent
method, the Mori-Tanaka method, and/or the differential scheme were also presented by Horii and
Sahasakmontri (1990), Laws and Dvorak (1987), Nemat-Nasser and Hori (1990), and Christensen
(1990, for pure shear load only). It is noted that the foregoing effective medium methods are only

valid for low microcrack concentrations since they do not depend on locations of microcracks.

Al1 of the aforementioned work can be categorized as “stationary” micromechanical models
since all microcracks are assumed to be stationary, i.e., no microcracks are allowed to grow or
nucleated during loading histories. For a constitutive theory to possess predictive capability, how-
ever, an “evolutionary” micromechanical damage model is warranted to account for “cleavage 1"
(pre-existing) microcrack growth and/or “cleavage 2" (new) microcrack nucleation. In the current
literature, there ar> indeed a number of micromechanical “evolutionary” damage models available.
See, .g., Krajcinovic and Fanella (1986), Fanella and Krajcinovic (1988), and Ju (1991b) by using
the “Taylor’s model”; as well as Sumarac and Krajcinovic (1987, 1989), Krajcinovic and Sumarac
(1989), Ju (1991a), Ju and Lee (1991), and Lee and Ju (1991) by using the self-consistent method.
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“'hen microcrack concentrations are higher and microcrack spacings are closer, strong micro-
crack interactions occur and effective medium theories ar< no longer appropriate. Emanating from
this viewpoint, excellent strong microcrack interaction models were proposed by Gross (1982),
Horii and Nemat-Nasser (1985), Hori and Nemat-Nasser (1987) for two-dimensional determin-
istic microcracks, and by Kachanov and Montagut (1986), Kachanov (1987), Chudnovsky et al.
(1987a,b), and Kachanov and Laures (1989) for two- and three-dimensional deterministic arbitrary
microcrack arrays. The foregoing work, nevertheless, are only szationary strong microcrack inter-
action models. Moreover, the work due to Kachanov (1987), Kachanov and Laures (1989) rely on
Monte Carlo simulations of deterministic microcrack arrays, and depend on heavy numerical com-
putation; of stress “transmission factors”. Therefore, it is desirable to develop simple statistical
micromechanical theories to account for interactions among many randomly located and oriented
microcracks. Furthermore, “cleavage 1" microcrack growth models are needed under the condition

of microcrack interaction.

The purpose of the present work (Part I and Part I1) is to establish a statistical micromechanical
framework for deriving “evolutionary” damage models and corresponding constitutive equations
for brittle solids containing many interacting, randomly distributed slit microcracks. The proposed
statistical framework considers the probability and conditional probability density functions of mi-
crocrack locations, orientations, lengths, and relative configurations. See Batchelor (1970), Batch-
elor and Green (1972), Hinch (1977), Willis and Acton (1976), Chen and Acrivos (1978a,b) for
references. In addition, the ensemble-volume averages of stresses, strains and compliances are sys-
tematically constructed based on analytical micromechanics solutions and probability functions.
It is emphasized that the proposed method is very different from that proposed by Hudson (1980,
1981, 1986). Though using the ensemble average approach, Hudson’s method is based on a second-
order stiffness theory and therefore leads to irrational behavior for solids with moderate or high
microcrack concentrations [see Sayers and Kachanov (1991)]. The proposed approach is free from
this anomaly.

A brief outline of this work is as follows. In Section 2, an ensemble-average approach to de-
rive damaged stress-strain relations is introduced. Approximate closed-form analytical solutions
are subsequently presented for the interaction problem of two arbitrarily located and oriented (but
non-intersecting) microcracks. The overall elastic moduli of a statistically representative volume
element are then derived. In Section 3, applications are made to a number of special cases. In par-

ticular, for the dilute microcrack concentration case, the present approach recovers the well-known

3




Taylor’s model by neglecting interactions among microcracks. When all microcracks are open and
perfectly randomly distributed, the proposed approach shows that the ovcrall compliance matrix
becomes isotropic. A comparison between the present method and the self-consistent method is
also discussed in this isotropic damage case.




L

1.2. An ensemble-average approach to microcrack interaction and effective moduli
L.2.1. Background

Consider a statistical realization within a statistical RVE (in the probability space) of a microcrack-
weakened solid. The volume of the statistical RVE is V, and the exterior surface is subjected to
prescribed traction . Let a and n be the average microcrack radius and the average number of
microcracks per unit volume, respectively. A typical avenue to describe mechanical responses of a
statistical RVE is to relate the volume-averaged strain € to the volume-averaged stress &. It is well
known that

» E=S°:&+—‘17 -l-(l[u]®n+n®[[u])ds, M
512

where S° is the virgin elastic compliance tensor for the matrix material; [u] and n are the micro-
crack opening displacement vector and the unit normal vector on discontinuity surface, respe.tively.
Moreover, S; represents the union of all discontinuity (microcrack) surfaces (see Fig. 1).

Following the common assumption & ~ o>, the microcrack-induced strain reads

L 1 f1
€=y s,z(ﬂ"]®"+"®ﬂ"]) ds; (¢))

1.2.2. Ensemble average of microcrack-induced strains

In this section, a systematic approach of forming the ensemble-averaged strains and microcrack
interaction-induced local stress perturbations are presented. The basic idea behind this approach
is that the local constitutive relation at a typical point within a statistical RVE of a microcrack-
weakened solid should be obtained by averaging over the ensemble of all statistical realizations,
including the locations, orientations, lengths and relative configurations of randomly distributed mi-
crocracks. This approach was first applied to the study of fluid suspensions; see Batchelor(1970),
Batchelor and Green (1972), and Hinch(1977). The ensemble average approach was later applied
to interacting inclusions of solid composite materials by Willis and Acton (1976), and Chen and
Acrivos (1978a,b). It is emphasized that local displacements, strains and stresses vary with po-
sitions within 8 RVE. An average over the values of physical quantities occurring in a very large
number of realizations is an ensemble average, which will be denoted by angle brackets.

Let us consider a two-phase composite statistical RVE (composed of a linear elastic brittle
matrix and inclusions) subjected to external load &*. The local constitutive law at a material point
X may be expressed as

e(x)=8°: o(x)+ € (x,0) 3)

5




where € and o are the local strain and stress, respectively. Furthermore, €” is a perturbed strain
function which is zero if x is a point in the matrix and is non-zero if x is a point in an inclusion.
Obviously, €* depends on the full configuration of all inclusions (denoted by C). The constitutive

law (3) can be easily statistically (ensemble) averaged:

(e)(x) =8 : {o)(x) + (" }(x) 4)

In addition, the ensemble-average of € at x (considered to be non-zero because it lies in an
inclusion centered at x,) is (assuming inclusions do not intersect one another):
' (€)= [ (e)aixsm) av ®)
€N,
where €2; is the domain of a single inclusion and the integral is performed over the finite domain
such that x can lie in an inclusion centered at x,. Further, f(x,) is the probability density function
(PDF) for a single inclusion being centered at x,, and (€*(x{x,)} is the perturbed strain at x averaged

over the subclass of realizations having an inclusion centered at x;.

At this stage, it is reasonable to restrict composite solids to be locally homogeneous [Hinch
(1977)]. That is, all PDF do not vary under small translation on a macroscopic length scale. With
this assumption, f’x,) in (5) may be regarded as a constant in the integration and equal to f(x).
The statistical “local homogeneity” also allows a small translation of x — x; in the two arguments
of (e*(x|x))). Namely, we may equate {€"(x|x;)) to {(€*(x + (x — X;)|x)). Thus, Eq. (5) becomes

(€7)(x) = f(x) (e"(x'|x)) dV’ ()
xen,
where X' = 2x — x,, and the integral extends over all points x’ within an inclusion centered at the
position x. By divergence theorem, we have

()0 =70 [ Zen+neuixds 0
an,

In the extreme case where inclusions become line microcracks, Eq. (7) can be recast as

(€)(x) = F ) / L (w1 ® n +n & )%, 6)/(©) dGdS ®
gJS;

where G = (a, n) characterizes the microcrack length and orientation in addition to the information
on location x; f(G) is the probability function for a microcrack with geometry G. In what follows,

for simplicity of demonstration, attention will be focused on two-dimensional plane strain (or plane

6




stress) problems. Accordingly, G defines the geometric domain (a. 8), where a denotes one half
of the microcrack length and @ denotes the angle between the global (reference) coordinate and

the local (microcrack) coordinate with 0 < 8 <

7, see Fig. 2. It is well known that for a line
microcrack in an infinite linear elastic isotropic solid, the normal and tangential microcrack opening
displacements take the form

(lih) -252ve = {n) ®

where E and v are the Young’s modulus and Poisson’s ratio of the virgin elastic solid, respectively; p
and q are the normal and shear external stresses projected on microcrack surface in local coordinate

system (see Fig. 2). For plane stress problems, the factor (1 — %) is removed from (9).

By substituting (9) into (8) and using the Voigt’s notation for strains, we arrive at

(") (x) = {g } = {(222;;2)} fo™ =) / / \f(a,0) d8da  (10)

2
where A and © are the integration domains of microcrack lengths and orientations (for open mi-
crocracks), respectively. Further, g is the transformation matrix relating the global and local coor-
dinates, and T is local stress vector:
2sin@ —sin26
g1=| 2co?0 sin20 | 3 T={

P} (1)
—2sin20 2cos20 q

Following the same arguments in deriving (e), the ensemble-average stress field (in the local

coordinates) can be shown to be
(o o)

(T):{zm}+({g})~=‘1'°°+(’i’) (12)

where T* is the unperturbed local stress field due to remote loading, and (T) is the ensemble

average of the perturbation in local stress field due to pairwise microcrack interactions:
(T)(x,a,0) = /(T)(X, a,0|x;,a1,0,)f(x1, a1, 01|x,a,0) df,daydx, 13)

Here (T)(x, a, 8]x,,a;,6,) is the stress perturbation of a microcrack centered at x with (a, §) av-
eraged over the subclass of realizations which have a microcrack centered at x; with (a;, 6;). In
addition, f(x;,a,,0;|x, a,8) is the conditional probability function for finding a microcrack cen-

tered at x; with (a,, 6;) given one microcrack centered at x with (a, #). Since only the ensemble
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average is considered, the integral in (13) is performed over the domain of a probabilistic (not phys-
ical) RVE ( in the probability space) which is characterized by the two-point probability function
f(xy,a;,8|x,a,8). Thus, the shape of the physical specimen plays no role here. The active (open)

integration domain = also depends on loading conditions and ranges of microcrack interactions.

Assuming that microcracks do not intersect one another and that reasonable randomness holds
(Hinch (1977)), then f(x,, a1, 8|x, a,8) is simplified to f(x,, a;, 8,). Further, by the local homo-
geneity assumption, f(x;.a;.8;) becomes approximately f(x,a, ). Therefore, Eq. (13) can be
approximated by the following expression:

(T)(x,0,0) = f(x, a,6) / (T)(x, a, 6]x1, a1, 61) dfydas dx, (14)

The assumption that microcracks do not intersect one another certainly introduces some unknown
errors. However, there is no analytical solutions available to accommodate interactions among
pairs of arbitrarily intersected microcracks. Therefore, following usual simplification made in the
literature [Kachanov (1987), Kachanov and Laures (1989)], we do not consider the cases when

microcracks intersect.
1.2.3. Approximate analytical solutions of two-microcrack interaction problem

Due to enormous complexity, it is practically impossible to obtain closed-form analytical so-
lutions of strongly interacting many-microcrack problems. The formulation of arbitrarily located
and oriented many-microcrack interaction problems is actually quite simple; see, e.g., Kachanov
(1987), and Kachanov and Laures (1989). Nevertheless, the formulation involves 2N (if two-
dimensional) or 3N (if three-dimensional) linear system of equations, where N designates the
number of microcracks in an RVE (say, N' = 100). Clearly, numerical solutions of many-microcrack
interaction problems are suitable for the Monte Carlo simulation approach mentioned earlier in Sec-
tion 1. By contrast, the present work intends to construct closed-form explicit stress solutions M
and analytical expressions of microcrack-induced strains (e*) and compliances (S*) for interacting

microcracks within the framework of the ensemble-average approach.

In order to construct useful explicit analytical solutions and to gain simple physical insight
for interacting microcracks, multiple-microcrack stress reflections will be neglected as the first
approximation. Namely, we will only consider local stress perturbatons based on many (arbitrary)
pairwise microcrack interactions. The extension to the higher-order ensemble-average formulation

will be presented in Section 4 of Part II.




The exacr analytical solutions of the boundary-value problem of two arbitrarily located and
oriented microcracks embedded in an infinite linear elastic isotropic solid are not yet available (ex-
cept for some special configurations such as collinear microcracks). However, approximate analyt-
ical solutions were proposed by several investigators [e.g., Horii and Nemat-Nasser (1985), Hori
and Nemat-Nasser (1987), Chudnovsky and Kachanov (1983), Chudnovsky et al. (1987a,b), and
Kachanov (1987)]. In the present work, the “pseudo-traction” concept is adopted to find approxi-
mate analytical solutions of the two-microcrack interaction problem. For mathematical simplicity,
only the first term of Taylor’s expansion of the local stress field will be used to represent the average

stress across the microcrack line.
L Y

The local coordinate systems 1 and 2 employed in the two-microcrack interaction problem are
given in Figures 3(a) and 3(b). The two microcracks have lengths 24, and 2a,, respectively. The
y1— and y;—directions are set to be normal to the microcrack lines C; and C,. The original two-
microcrack problem is decomposed into a homogeneous problem and two sub-problems 1 and 2;
see Fig. 4. In the homogeneous problem, an infinite solid without any microcrack is subjected to
applied stresses at infinity. In the sub-problem j (j = 1, 2), an infinitely extended solid under zero

remote stress at infinity has only one microcrack j, on which the boundary conditions are

~Pi+p+P;=0; —¢,+¢°+§ =0 onC,, j=1,2 (15)

The quantities 5, and §, are to be determined in such a way that all boundary conditions of the
original problem are satisfied. In the subproblem j, the “exact” stresses are given by [Sneddon and

Lowengrub (1969)] .
0"171 =pj(--l + EJ' —_ f})*'qJ(ZGJ - HJ)

(752=p](—1+Ej+Fj)+qJHj (16)
o3 =p;H;+q(-1+ E; - F))

where 6.+ 8
r . + .
EJ' = mCOS(OJQ - -22—'2'2')
2
_ ra .3 _—
V= T " biosin 305 +0;2) an
G, = —L sin(g;, - S+ 02,
T )
7'02-
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See Figure 3 for the definitions of r;,, r;2, 8;; and 6,.
in order to satisfy the original boundary conditions (15), it follows that
T 0 gy i, =1,2 (nosum) (18)
q; = ei(-‘) 4 'e;(i)

where e{(i) and q(i) are the two unit base vectors for the jth local coordinate system but are expressed
in terms of the ith local coordinate componcnfs. The subscript ¢ signifies that a quantity is referred
to the (z!, y!) coordinate system. Substitution of Eq. (16) into Eq. (18) yields the local stresses for
two mictocracks:

m 8 8 o @) (n e

i = ay a4 Q qoo = . 00

m{ las a¢ 0 O P2 } + { péo } =a -Tio2+T2, (19)
'p] Q7 Qg 0 0 Q2 q‘2>°

ay=—1+Ey+I5c082¢+ Hasin23 ; a2 =2Gysin’* ¢ + Hycos2¢ — (1 — Ey + F3)sin2¢
o3 = Hycos2¢ — Fasin2¢ ; a4 =(Gy — Hy)sin2¢ — (1 — E3 + F3)cos2¢

as=—1+E;+ Ficos2¢ — Hysin2¢ ; og =2G,;sin* ¢+ Hycos2¢+ (1 — E, + Fy)sin2¢
a7 =Hicos2¢ + Fisin2¢ ; ag=—(G; — Hy)sin2¢ ~ (1 — E;} + Fy)cos 2¢

where

(20)

and ¢ = 6y — 0. It is noteworthy that the “microcrack interaction matrix” o in Eq. (19) actually
corresponds to the “transmission factor” matrix A in Kachanov (1987). In addition, it is convenient
to define T2 = (@1, 1,72, 92)7, T, = 0, ¢, p°, ¢3°)7 and T2 = (51, G, P2, &)7. Since
Ti_3 = T, +T)_,, one can solve T,_, from Eq. (19):

Tiz=a-0-a)' T, e2))

The comparison of the stress transmission factors obtained by using the simple “first term” ap-
proximation (A) and the exact solutions (A. ) for two collinear microcracks is given in Appendix I
for various normalized microcrack-tip distance ratios. When d = 0.25, it means that the ratio of
the two microcrack-tip spacing to the microcrack size (2a) is 0.25. It is noted that A = 1 when
microcrack interaction is totally neglected. From Table 2 in Appendix 1, it is observed that the
simple “first term” approximation is quite acceptable in general except when two microcrack tips
are really close to each other (i.e., when d < 0.1). It is emphasized that the spatial location of the
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second microcrack given the first microcrack is random. Therefore, the errors (in Table 2) asso-
ciated with the proposed approximate analysis should be statistically averaged over all possible
realizations.

Letus recall that T = (51, §1)7 and define K| as the first two rows of the matrix [ - (1 ~ a)~!].
Therefore, from Eq. (21), we have

T=K, - T, (22)

We can now substitute Eq. (22) into (14) and (12) to find the ensemble-average stress of a primary
microcrack Iocated at x over all possible positions and orientations (x; and ;) of the second neigh-
boring n;icrocrack. In addition, the local and global remote stresses TS , and = are related by the
following transformation matrix K,:

pe §in.2 6 ) lco_s2 g ~ sin 26 oo
g | _ —3sin2 3 8in 26 cos 26 ul_ o
{ 2% } sin®(6 + ¢) cos’(@+¢) —sin2(6 + ¢) g’é% =K @3)
q° —3sin2(0+¢) Llsin2(0+¢) cos2(d+¢) 2
Therefore, Eq. (22) can be rephrased as
T=K, - K;- 7 =K. 7% (24)

where K = K, - K;. The detailed explicit components of matrix K are given in Appendix II.

Remark 2.1. It appears that there are some typo-errors in Sneddon and Lowengrub’s (1969)

solutions. Eqs. (16) and (17) are the correct formulas after the problem is resolved. B
L.2.4. Overall moduli of brittle solids with interacting microcracks

By substituting Egs. (24) and (22) into Eq. (12) and assuming that x and (a, 0) are statistically

independent, one obtains the following expression for the ensemble-average stresses:
(T) =(T* +T) = (Ko + f®)f(a, 6)(K)) - 7 25)

where T® = K, - 7, and

. 2 " :
- sin“ @ cos' 8 —sin26
Ko = [ ~3sin26 1sin20 cos28 ] (26)

(K) = / K rdr dbyo dby day @7
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Substitution of (25) into (10) then yields the ensemble-average damage-induced strain vector:

(€)x) = {{S+(SH) . 7 = (§) - = (28)

where s
(SH= 1'.(-1-;—”3 F(x) /A a? /6 g - Kof(a,0) db da (29)

2
(8 = ”—ﬂ-ﬁﬂﬁ(x) /A a? /e g - (K)f%a,0) db de (30)

Clearly, (S*) is the ensemble-average damage-induced compliance matrix. f(x) and f(a,6) de-
pend onmaterial microstructures and loading conditions, and should be specified by experimental
observations (e.g., by scanning electron microscopy or computerized tomography).

In what follows, as an illustration for deriving an explicit form of overall moduli of micro-
cracked solids, we consider the special case in which: (1) f(a,8) = f(a)f(6). (2) microcrack
orientation is perfectly random (i.e., f(8) = 1/7), (3) the initial microcrack radius a is a constant,

and (4) f(x) satisfies ,
/ fAx)dA = { / £(x) dA} /A @31
A A

/ f(xydA=N (32)
A

where N is the total number of microcracks within an RVE (wiih area A). Since statistical ho-

Moreover, it is realized that

mogeneity (in the probability space) is assumed, the volume-average coincides with the ensemble-
average. The volume-average (denoted by an overline) of (28) over an RVE thus takes the form

E=(1;V2){w/@g-l(od8+‘-‘-:;/(;g-(f()d0}-r°° (33)

where
(K) = | K rdrdfiodfao (34)
and = is the active (open) probabilistic integration domain for variables r, 610, and 6. The effective
radius r has been normalized with respect to the microcrack radius a. Further, w = —"-’f-’- =na* =

&/= is a measure of microcrack concentrations. It is emphasized that our definition of microcrack
concentration w differs from the commonly used definition (&) by a multiplier = [see Budiansky
and O’Connell (1976)]. The integration domains © and < also depend on loading conditions and

range of microcrack interactions.
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By substituting Eq. (33) into the volume-average of Eq. (4), we finally obtain the following

ensemble-volume averaged macroscopic constitutive relation (in Voigt’s notation):

&) = (8] r= (35)

——

where

oo v — sta———

(S) = §°+(8°") +(§2) (36)

———

That s, (S) is the ensemble-volume averaged overall effective compliance matrix of a microcracked

brittle solid. Specifically, under the plane strain assumption, we write

LY

i-v —v 0
S°=(1+V)[ v 1-w o} 37)
E 0 0o 2
N a2
& =4 E" )w/g.xodo (38)
5]
N 7-I%TE ‘_'(1"‘“”2) 2 5
&= w/eg-(K)dO (39)

It is noted that §° denotes the elastic compliance, (S*!) defines the first-order microcrack effects

without interaction, and {S°2) defines the second-order (in w?) microcrack interaction effects.

Remark 2.2, It is interesting to notice that Eq. (28) reveals that physical nonlocal effects
are brought into constitutive equations through the process of microcrack interaction and ensemble
averaging (not volume averaging). That is, in Eq. (28), the stress-strain law at a material point
within a RVE depends not only on the constitutive behavior at the point, but also on the constitutive
behavior of neighboring points. g

13




1.3. Some special stationary examples

In this section, we apply the proposed ensemble-volume average approach to solve three special
examples. These examples are all classified as stationary micromechanical models. In particular,
the first example shows that the proposed method recovers the well-known Taylor’s model when
microcrack interaction is entirely neglected in Eq. (36). In the second example, we examine the
randomly located aligned (parallel) microcracks problem — for transverse cracking phenomenon
in laminated composites, for instance. The last example shows that the overall compliance ma-
trix becomes isotropic when all microcracks are open. Microcrack locations and orientations are
assumed to be perfectly random. In what follows, for simplicity, we further assume that closed

microcrack contributions are neglected.
1.3.1. Dilute microcracks — Taylor’s model

The open microcrack angle domain © = [#,, 6;] can be found by solving
sin? 0055 + cos? 0055 — sin 26055 > 0 (40)

where tensile normal stress is taken as positive. After dropping the interaction term in (36), the

overall complia.ice becomes

§) = 87+ &) @1

where [by integrating Eq. (38)]

«} =]
— (1212 Sii 0 Sig
SR = )w{ 0 S3 3 @2)
S Sa Sis
Specifically, we have
. | . . 1 . .
Si1=6-6, - E(sm 20, ~sin20,) ; S;i=6;—6,+ E(sm 26, — sin 26)) 43)

Sed =2(6, - 0y) ; S;!=sin?6; — sin?, = S;} = S5} = 57!

For various biaxial loading conditions, we obtain the following results:
(1) Uniaxial or biaxial tension. All microcracks are open (6, = 0, 8, = ) and isotropic damage
is recovered. The orientation domain is © = [0, ] The non-zero components in (43) are
Siy=S5d=7r; Sig=2r (44)
14




(2) Biaxial tension/compression. We have the axial stress 035 > 0, the lateral stress o7 < G,
and shear stress 055 = 0. The open microcrack angle domain is definea by © = [0, 6] U [x -
8-, =], where

6" =tan~' [ 222 (45)
The non-zero anisotropic components in (43) are

Syl =20" —sin26° ; S3) =20"+sin26" ; Sg =46° (46)

(3) Biaxjal tension and shear. We have o5} = 035 > 0 and 057 > 055. The open domain is

defined by © = [5,7] U[0.6°) U [£ — 67, 5], where

1 o0

0" = 1 sin” (i’g—g—) (47)
1]

The non-zero components in (43) are

ﬂ - -
S“’=-2-+29 =522‘ c Sl =7 +46 8)

Sje = c0s28" = §;) = S35 = Si;
1.3.2. Aligned microcracks

Attention is now focused on an array of randomly located aligned (parallel) open microcracks.
This class of problems is relevant to the transverse matrix cracking problem in laminated compos-
ites; see, for example, Laws, Dvorak and Hejazi (1983), and Laws and Dvorak (1987). Since all

microcracks have same orientation, Eq. (17) can be simplified as follows:

r 611 + 0y, ra® .3
= a — ————————— . - - 0 = 9 0
E, = F; mcos((ho 5 )Y, Fi=F RS sin 6,0 sin 2( 11 +6:12) )
r . 011 +012 a . 3
= = — . - PO 9 20, +8
G =Gy msm(em 3 ) Hiy=H =T sin 8o cos 2( n+012)
where
ry = (r®> — 2arcos 0o+ a®)'/? ; 1 = (r* + 2arcosfyp + ah)/?
8., = cos~! (r cos fyo — a) . 6., = cos™! (rcosem + a) (50)
Ty 1A}

and 8 =0 = ¢ = 89 — b3, b10 = ba0.

The numerical integration of Eq. {34) will be addressed in Section 3 of Part II of this series.

The minimum radius of integration in r (center distance between microcracks) is taken as 2a. The
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Table 1. Convergence behavior of ’ K, VS, T

"max (1;1 2> (];’23)
4a 0.429843+00 0.173965+00

8a 0550972400 0.225418+00

16a  0.582654+00 0.238972+00

20a  0.586498+00 0.240618+00

40a 0.591638+00 0.242820+00

* 400a 0.591894+00 0.243244+00

convergence  .avior for the integration in (34) (i.e., (K i7)) with respect to the choice of the max-
imum integration radius rmax is given in Table 1. It is observed that use of rm. = 20a is Q. 'te
acceptable. After numerical Gauss integration of (34) (by using 40 Gauss points), we obtain

5 0 0.5865 0 /
®)=[5 > 0.406) S1)
Accordingly, the transversely isotropic compliance becomes
— a-n [} = 0 0 0 0
(S) = = 1 0 [+7]|0 2w+1.1737° 0 (52)
E 0 0 2 0 0 2 +0.481w?

Clearly, the first-order terms w in Eq. (52) come from Taylor's model, and the second-order

corrections w? in (52) come from the pairwise microcrack interactions.
1.3.3. Isotropic damage

Under uniaxial or biaxial tension, all microcracks are typically assumed open. It is also as-
sumned that microcracks are randomly located, randomly oriented, and of uniform size. As a result,
the overall behavior is isotropic. The compliance contribution due to microcrack interaction can
be evaluated by performing numerical Gauss integration of Eq. (39). The results are:

(1 _ V2) 0373 0.041 0
(8% = 70?0041 0373 O (53)
E 0 0 0664
Therefore, the (piane strain) overall compliance becomes
— (1-vYH 1= 0 w+0.373.2 0.041.7 0
(S) = = 1 0 [ +7| 004lw? w+0.373.72 0 (54)
E 0 0 & 0 0 2w +0.664.7
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It is noted that the shear moduli (in 1-2 and 2-1 directions) are changed (non-zero) due to micro-
crack interaction.

It is very interesting to compare the foregoing overall compliance matrix with that denved by
the self-consistent model [e.g., Horii and Nemat-Nasser (1983)]. The overall compliance given by
the self-consistent method in this isotropic damage case is:

] -
T 0
— t [ -
g2 = D o (55)
E 0 0 2 l—wvaw
i—-l/ i—tw

Obviousily, the overall compliance given by the self-consistent method goes to infinity atw = 1/,
It should be noted that any effective medium theory is inherently only applicable for low microcrack
concentrations since it does not depend on microcrack locations.

For low values of w << 1/x, the Taylor’s expansion of Eq. (55) renders
aom ([l =0 wimd 0 0
$* = I3 == 1 0 |+nx 0 w + 7u? 0 (56)

‘o 0 0 2w+m?d)
Apparently, the compliance calculated by the self-consistent method is higher than that of the

0o 0 =
present model. In addition, the self-consistent method predicts no change in shear moduli in the
1-2 and 2-1 directions. Finally, it is emphasized that there is no singularity in the present method
irrespective of the w value.

From Eq. (54), it is clear that the relative weight of the second-order terms (in w?, due to
microcrack interaction) to the first-order terms (in w) depends on the values of w. For example,
the relative weight is 0.373w for the 11 and 22 terms in the compliance matrix. If the microcrack
density is very small (dilute), the second-order terms are negligible. On the other hand, if the
microcrack density is high [e.g., w = 0.5 — corresponding to & = 0.5% defined by Budiansky and
O’Connell (1976)], then contributions from the second-order terms are quite significant. It is noted
that, however, when microcrack densities are extremely high, the proposed second-order method
may not be accurate enough since higher-order terms should be included; see Sec. 4 of Part II for
extension to the higher-order formulation.

The proposed statistical micromechanical framework is not restricted to widely spaced micro-
crack arrays. From Table 2 in Appendix 1, it is seen that the proposed two-microcrack interaction
solutions are quite acceptable even when the ratio d is only 0.1 (i.e., when the “microcrack-tip

spacing” is only one-tenth of the “microcrack size™).
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1.4. Conclusions

A two-dimensional statistical micromechanical theory for microcrack-weakened brittle solids
is presented based on the concepts of ensemble-average and pairwise microcrack interaction. The
overall compliances are derived by performing ensemble-volume averaged integration over the
domain of a statistically representative volume element (in the probability space). Unlike the self-
consistent method which introduces a singularity atw = 1/, our method predicts a smooth increase
of effective compliance as w increases. Further, the proposed microcrack interaction framework
does not require the use of Monte Carlo simulations. It is emphasized that the proposed second-
order terms are second-order in w?, not second-order in geometric quantities {such as (a/r)*]. In
addition, pairwise interaction effects do not vanish in the evert of perfectly randomly distributed
microcracks; see Eq. (53). In fact, effects of pairwise microcrack interactions are equally distributed

in all directions and therefore the overall behavior is isotropic.

In Part 11 of this series, we will further investigate issues pertaining to computational aspects of
the proposed approach, extension to “evolutionary” micromechanical damage models (with “cleav-
age 1” microcrack growth), and a higher-order microcrack interaction model. Extension to a three-
dimensional statistical micromechanical theory of brittle solids with randomly located, interacting
penny-shaped microcracks is presented in a separate paper {Ju and Tseng (1992)]. Numerical com-
parisons with the Taylor’s model, the self-consistent model, and the differential scheme will also
be presented in Ju and Tseng (1992).
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1.6. Appendix 1.  Average stress field of two collinear microcracks

The problem of two interacting collinear microcracks of equai length in an infinite plate sub-
jected to uniform traction p™ at infinity has an exact analytical solution [Sneddon and Lowengrub
(1969)]. The normalized (nondimensional) distance between the two microcrack tips is denoted by
2k (with k < 1), and the normalized length for each microcrack is designated as 1 — k. For this

special configuration, we have

blo=00=0;;=0; 4j3=1,2 7))
and ¢ =80 — Oy =
r=l+k; 7‘1=1+3k=m=r21; 7‘2=3;k=7‘12=fzz (38)
Therefore, the only non-zero components in (17) are
A= E = 2(1 +k) (59)

o el L A
SN ¢ g 7 STE By 5)

Substitution of Eq. (59) into (20) and solution of Eq. (19) then render the approximate average

normal stress p as follows
p=ob— (60)

The exact solution for this average normal stress takes the same format as in (60), with A replaced

by A.. [exact; see, e.g., Kachanov (1987)]

A, = V2 +2k 61)

1+Vk

Table 2 shows the comparison between A and A., for different values of d which is defined as

d = 2k/(1 — k). It is clear that the error associated with the approximate solution increases as d

decreases. This is due to the stress field singularity at microcrack tips.
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Table 2. Comparison between A and A,

d exact approx  error(%)
10 1.001037 1.001035 0.0002
5 1.00352  1.00349  0.0025
1 1.03528  1.03280  0.2396
0.5 1.07047 1.06066  0.9161
025 1.118034 1.091089 241
0.1 1.18821  1.122683 5.51
005 123801 1.13721  8.1419
0.005 134863 1.15280 14.52
0.0005 139238  1.15451 17.08

24




L7. Appendix II. Components of matrix K in Eq. (24)

Kiy =k sin20 + kysin?8 + ks ; Kyz = —ky sin20 + k3 cos® 0 + ks

K13 = —kz sin260 — 2k1 cos 26 ; K2l = k4 sin 20 + ks sin20 + k6 (62)
Ky = —kysin20 + kscos® 8 + ks ; Koz = —kssin20 — 2kqcos 20
where i 1
ky = E(fz sin2é — ficos2¢ — f3) ; k2= —A-(fzcos 2¢ + fisin2¢ + f,)
1 1 1 )
ky = *-A*(fz sin® ¢ — 5f1 sin2¢) ; ks = Ez(fs sin2¢ — fscos2¢ — f1) (63)
ks = %(fa cos2¢ + fssin2¢ + fs) ; ke = -;-(fs sin® ¢ — ';'fs sin2¢)
and

fi = (qaq — aza3)as +az 5 fr = —(a1a4 — aya3)ag + oy
fi=aas+mog 3 fa=asfHi+arf
(64)

fs = —(a1a4 — az03)as + as ; fe = (104 — ma3)ar + a3

fr=asfs+asfs ; fs=asas+aar ; A= det(l — a)
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1.8. Figure captions

Figure 1. Superposition of microcrack problem.
Figure 2. The local and global coordinates systems.
Figure 3(a)(b). Definitions of geometric quantities for two neighboring microcracks.

Figure 4. Decomposition of two-microcrack interaction problem.
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Figure 3(a)(b). Definitions of geometric quantities for two neighboring microcracks.



I
2 g, !

(b)

1C

Figur

30




) L(6°4+05)
T o=+ T s

Figured4. Decomposition of two-microcrack interaction problem.

EXA




PART 11
Effective Elastic Moduli of Two-Dimensional
Brittle Solids with Interacting Microcracks.

II : Evolutionary Damage Models

I1.0. Abstract

In Part I of this series, basic formulations of stationary micromechanical theory and overall
mspons;s are presented for two-dimensional brittle solids with randomly dispersed microcracks.
The basic formulations hinge on an ensemble average approach which includes pairwise micro-
crack interactions. In this paper, statistical micromechanical evolutionary models are proposed to
account for “cleavage 1" growth of randomly oriented and located microcracks under microcrack
interaction effects. Biaxial tension/compression loadings are also considered to take into account
mixed microcrack opening and closure effects. Efficient numerical integration algorithms for the
proposed ensemble averaged constitutive equations are subsequently given. Further, uniaxial and
biaxial tests are presented to illustrate the proposed models and procedures. Finally, a higher-order
microcrack interaction model within the proposed micromechanical framework is discussed.
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I1.1. Introduction

A statistical micromechanical ensemble-volume average approach to explicitly derive overall
constitutive equations for microcrack-weakened brittle solids has been presented in Part I of this
series. The proposed explicit micromechanical approach takes into account interactions among
microcracks, random microcrack orientations, locations and densities, and microcrack opening dis-
placements. Damage-induced overall anisotropy can be predicted by the proposed framework. The
proposed micromechanical approach is at variance with existing “effective medium theories” such
as the self-consistent method [Hill (1965), Budiansky and O’Connell (1976), Horii and Nemat-
Nasser Q 983)), the generalized self-consistent method [Christensen and Lo (1979)], the differen-
tial scheme [Roscoe (1952, 1973), McLaughlin (1977)], and the Mori-Tanaka method {Mori and
Tanaka (1973), Benveniste (1986)], etc.. In addition, the proposed framework is different from
those micromechanical interaction analyses based on Monte Carlo simulations and numerical com-
putations of stress “transmission factors™ [Kachanov (1987), Kachanov and Laures (1989)]). The
simple approximate analytical solutions for the two-microcrack interaction problem render closed-
Jorm explicit expressions for the evaluation of ensemble-average integrals.

Nevertheless, during loading histories of brittle solids, pre-existing microcracks may become
unstable and grow along certain preferred orientations, depending on loading levels, microcrack
configurations and interactions, etc.. Therefore, it is important to formulate micromechanical
“cleavage 1" [Ashby (1979)] evolutionary damage models to account for both microcrack kinetics
and microcrack interactions under specified loads. Some micromechanical “evolutionary” dam-
age models were proposed in the literature for “effective medium theories™; see, e.g., Krajcinovic
and Fanella (1986), Fanella and Krajcinovic (1988), Sumarac and Krajcinovic (1987), Ju (1991),
Ju and Lee (1991), and Lee and Ju (1991), etc.. However, these micromechanical evolutionary
damage models are only valid for weak microcrack interactions under low or at most moderate
microcrack concentrations. On the other hand, microcrack interaction models due to Kachanov
(1987), Kachanov and Laures (1989) do not consider microcrack growth or nucleation kinetics.

The primary objective of this paper is to extend the framework proposed in Part I to accommo-
date “cleavage 1" microcrack growth process under microcrack interactions. “Cleavage 1” process
implies that only the growth of pre-existing microcracks is considered. Therefore, microcrack
number remains constant during loading histories. Of course, one may also consider “cleavage
2" process [Ashby (1979)] to accommodate nucleation of new microcracks. However, that is be-
yond the scope of the present paper. In Section 2, micromechanical kinetic equations characteriz-
ing the “process domains” of active (open) microcracks are introduced. These “process domains™
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together with “open microcrack domains” completely define the integration domains of the en-
semble averaged constitutive equations relating macro-strain and macro-stress. Moreover, various
tension/compression loadings are presented in Section 2 to illustrate the proposed approach. Effi-
cient numerical integration algorithms are presented in Section 3 to implement the proposed dam-
age models. A number of uniaxial and biaxial tests are also performed. Finally, discussions on a

higher-order microcrack interaction model within the proposed framework is given in Section 4.
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I1.2. Evolutionary models with microcrack interaction

Let us consider an ensemble of randomly oriented and located microcracks within a statistically
representative volume element. The microcrack number density is denoted by n and the micro-
crack length is denoted by 2a. The representative element is subjected to two-dimensional external
loading 7 = (053, 055, 0%5)7. In accord with Part I of this work, the overall compliance matrix

'('57 can be written as (plane strain with linear elastic matrix)

S) =8 +{§1)+ (8§79 $))
where [ee Eqgs. (37)-(39) in Part I]
1~ - 0
S°=(];”)[ -6'/” 1o (2)} @
_ 2
sn=4 E")n/aﬁg.xode 3)
©
2
@WE“(I;E”)nZ/a?ng)de @
(2]
and [see Eq. (34) in Part I]
(R) = /‘ K rdrd810d6 &)

Note that a; is the half-length of a primary microcrack and definitions of g, K and K, are given
in Egs. (11), (24) and (26) of Part 1, respectively. The effective radius r has been normalized with
respect to the microcrack radius a,. Further, = is the current active integration domain, including
contributions from open stationary or unstable microcracks. Contributions due to closed micro-

cracks are not considered in this paper.

For biaxial loadings, the open microcrack domain can be approximately defined by finding the

domain of tensile (positive) normal stresses on microcrack planes as follows
0% sin’ 6 + 035 cos? 0 — o5y sin26 > 0 (6)

It is noted that Eq. (6) only considers the far-field stresses 0. In some cases, however, the
open microcrack domain can be affected by microcrack interaction. That is, some originally open
microcracks may become closed due to strong microcrack interaction. When this occurs, the local
stresses o should be used in (6); i.e., one should check the following “local (normal) opening

condition” to ensure that a microcrack is indeed open: {p) > 0.
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I1.2.1. Kinetic equations for microcrack growth

In continuum damage mechanics, kinetic equations characterizing damage processes are typi-
cally postulated on the basis of hypothetical phenomenological arguments and macroscopic obser-
vations. However, as shown by Krajcinovic and Fanella (1986), microcrack kinetic equations can
be actually derived based on micromechanics, probabilistic configurations of microcracks along
certain microstructural weak planes, and fracture energy barriers on the mesoscale. When the local
stress intensity factor (or strain energy release rate) reaches a certain critical value for the weak
plane, a pre-existing microcrack is assumed to become unstable and grows along the weak plane
in an unstable manner until reaching a certain characteristic size such as a grain or facet size [Kra-
jcinovic and Fanella (1986), Sumarac and Krajcinovic (1987)]. This idealization is reasonable for
pre-existing intergranular microcracks or interfacial microcracks (between the matrix and inclu-
sions) in certain brittle materials such as concrete, ceramics, rocks, ice, and some brittle compos-
ites, etc.. For simplicity, we do not consider microcrack kinking (into the matrix or neighboring
weak planes) nor nucleation of new microcracks; see Fanella and Krajcinovic (1988), Ju and Lee
(1991), and Lee and Ju (1991) for some recent treatments. In other words, it is assumed that there
exists a higher energy barrier serving as a microcrack trapping mechanism; e.g., a higher fracture
toughness due to the matrix or due to intergranular kinking. Therefore, the proposed evolutionary
damage models are only suitable for pre-peak (not post-peak) behavior of a class of brittle materials
aforementioned. “Run-away instability” or localized macrocrack growth is not considered.

Within the context of microcrack interaction, the local stresses o (not o) should be employed
to compute the stress intensity factors (or strain energy release rates) on pre-existing microcrack
tips. This treatment is completely different from existing (“effective medium”) micromechani-
cal evolutionary models which employ far field stresses . Following Krajcinovic and Fanella
(1986), we make the following two-stage simplification. It is assumed that the length of a pre-
existing microcrack can either be 2a if the microcrack is stationary, or 2ay if the microcrack is
activated. Note that 2a, denotes the average length of an initial microcrack and 2a; signifies the
average length of a propagated microcrack (e.g., the grain or facet size). The relation between the
initial and final microcrack lengths is assumed to be

ao = po ay ™

where pg is a scalar between 0 and 1. The microcrack growth from 2ag to 2a; is assumed to be

instantaneous once the local fracture energy is reached.
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The actual fracture criterion of a material depends on its underlying physics of fracture. This
paper does not intend to investigate fracture criteria of all materials. Instead, we attempt to demon-
strate possible procedures involved in a micromechanical statistical evolutionary damage formula-
tion. For illustration purpose, the following mixed mode fracture criterion is employed [see Kan-
ninen and Popelar (1985, p. 50-S1)]:

K\’ Kn)z_
(}‘-"'c) * ‘I"Hc =1 (8)

where K; and K;; are the Mode I and Mode I stress intensity factors of an initial microcrack,

respectively. Similarly, K. and K., respectively, are the Mode I and Mode II critical stress in-
tensity factors of the weak plane where a pre-existing microcrack is located. The foregoing fracture
criterion may be suitable for some materials but modifications are necessary when applicationto a
specific material is sought. In the spirit of statistical ensemble-average stresses, it is reasonable to

write the following simple approximations (under plane strain).

Ki=(p)vmas ; Ki=(q) VTao )

where (p) and (g) = the ensemble-averaged local normal and shear stresses projected on microcrack
surfaces in local coordinates. Substitution of (9) into (8) leads to

(p)? + K {q)? = F? (10)
where
K. Kic
= : = 11
k K. Fe NELT) ¢

For uniformly distributed and oriented microcracks, one has f(§) = 1/7 and f(x) = n. From
Egs. (25)-(27) of Part I, one can write

aOO
Pl - n o
{ u } = (Ko+ “(K)) { o5 } (12)
For convenience, let us define
M=K+ —:—(K) (13)

It is emphasized that (K) (and thus M) includes microcrack interaction effects. With (12) and (13)
at hand, Eq. (10) can be rephrased as follows

" 2 E 2 a 2 " a -~ - Y AOO\ _
Y007y + 12855 + 13075 + 2(1657 553 + 14071 013 + 1505,013) =1 (14)
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where 6 = o™/ F, and
Yo=My+ KM} = MM+ My My 5 v = M3 + kM2,

15)
= Mu+ kM3 o va= MMy + B MMy 3 s = MiaMys + k2 My Ma;

Eq. (14) can be used to solve for the “unstable angle domains” (67) defining the “cleavage 1”
unstable microcrack growth domains under a specified far field loading o>. Conversely, for a
specified “unstable growth angle domain™, Eq. (14) can be used to obtain the external loading.

I1.2.2. Dilute case — Taylor’s model

In this case, the overall compliance of a microcrack-weakened solid takes the form

(S) = §° + (§T) + (§°T7) (16)

where (S-1) and (S-17) denote the compliance contributions from initial microcracks and micro-
crack growth, respectively. (S*'7) can be expressed as [cf. (42)~(43) of Part IJ:

-lp =lp
— -2 S 0 S
(S:lp) = (1 v )wo(paz - 1) S-]p S.lp (17)
E S-lp S-lp Sa]p
where wy = naf and
Sy” =05 — 6f — 3(sin260% — sin267) ; S3P =62 — 6° + 3(sin 204 — sin 267) a8

Ses” =2(05 — ) ; Sie® =sin® 6 — sin? 6 = S;1P = 5P = 5o
In Eq. (18), ©F = [67, 6] is the evolutionary angle domain defined by Eq. (14).
(1) Uniaxial tension: &35 > 0, 55 = 535 = 0. All microcracks are open but overall responses
are anisotropic due to preferred orientations of microcrack growth. Specifically, the process
domain is © = [0,67] U [r — 67, 7] (see Fig. 1), where 67 can be solved from (14) for given

35 (or vice versa):
Y2 = cos* 0 + k? cos? 67 sin” 67 = 5352 (19)

From (18), we have

S71P =267 — sin26° ; S5 =20° +5in26° ; S)P =46 ; others=0 (20)

(2) Biaxial tension/compression: 555 > 0, 5% < 0, 5% = 0. The bound of unstable growth
angle domain, 6, can be computed from Eq. (14). The process domain is therefore ©F =
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[0,67] U [ — 67, x]. Conversely, one can obtain the axial external tensile stress 555 for given

lateral external stress 577 and prescribed angle bound 67:

&g - ( nv \/('71 27%) n ‘72) Qen
Y2

——

The non-zero components of (S*17) are
SilP =267 —sin207 ; S3)7 =207 +sin20° ; Sp” = 46" (22)

Since 677 < 0, itfollows that €7, is negative and proportional to the density wo. This is due to the
fact that Mode I contribution to (contractive) lateral strain is greater than Mode I contribution
for biaxial tension/compression loads. To wit, let us consider an arbitrary stationary microcrack
and compare the contributions of Mode I and Mode II to €};:

(1 — v¥)ra}

6if = 2" sin’ f(cos” 0033 + sin* 6o%}) ~ (Mode I) 3)
ar_ A =vimd} L,
i = ——i-—-—E——-—— sin 20(022 -— 0'11) (M“le II) (24)
The sum of Mode 1 and Mode II contributions is
22
€ = 2L2—E‘—° sin? 0o < 0 (25)

I1.2.3. Uniaxial and biaxial tension loadings

Within the proposed framework, the computation of overall compliances require. 'nformation
regarding integration domains for microcrack opening and growth. For uniaxial tension, all micro-
cracks are initially open and Eq. (14) becomes (19) in which =, is evaluated by (15). The length of
a microcrack is either a; = ay if stationary or a, = a; if unstable. For a prescribed configuration
of microcrack growth domain, ©F = [0, 7] U [r — 6P, 7], one can systematically explore the status
and length (a2) of a second neighboring random microcrack. The details (27 possible cases) are as
follows; see also Figure 2.
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Category L. 1f 0 < 6 < 6” and a) = a;: 9 possible cases concerning the length of a;.

0<8+0 <O ay 6P<G+0<a’ a;
MIfO0<Op<B+6p+07, then a; (W If0< 0L 0+010~ 67, then ap
QDIf0+610+0° <0< 8+0p+a* ag O)If0+6,0—-0°P <0y <O0+0)0+6> ag
BBIfo+0p+a? <bp< ay (6)If0+6,0+60" <bp<~ ag
a? < 0+0 <2r a;

MDIfO0< b0 <0+85— P, then ay

B)IfO+010—a® <0< b+~ ap

(9)If€;0|o—0”<02051r ay

Category IL. If 6* < 6 < a” and a; = ap: 9 possible cases concerning the length of az.

0P <O0+6,p< ” a; o <0+0,0< P a;
(DIfO0<0x<0+06,p— 0% then ag DIf0<byp<0+06,p—a”, then ay
Q) IfO0+010— 07 <b0<0+00+0 a; (5)If6+610—aP <B0yp<G+0)0-67 ao
B)VIfo+b10+6" <<= a (6)If0+6,0—6° <bp<m ay
AP <@+8,<2rn az

MNDIfO< b <0+86;5— 5%, then ap

B)VIfO+010— P <bOp<O0+6p—0a” ay

DIfl+b0p—a®? <0p<Tm ag

Category IIL If o? < 6 < 7 and q; = a;: 9 possible cases concerning the length of a;.

a? < O+0),<pF a3 PP <@+0p<T+af az
(1,1f0< 020 <8+6— a?, then af WIf0< 00 <0+8,0— [, then ag
QIf0+610—aP < <9+0yp— 067 ag B)VIf6+6ip— PP <bp<8+bp—a” a;
NIfO+6i0—-0" <byp<nw aj ©)If0+60p—c?P <bp<m ao




t+a® <8+6, <2r as

MNDI1f0L0<0+0,p—aP — 7, then ay
®Ifb+b0p-a® -7 <bp<b6+00-F ap
NIfO+610— B <bp<~ ay

We have employed the definitions o” = 7 — 67 and A = « + 7. With the foregoing analysis
at hand, one can evaluate the integrals in Egs. (4)<(5) and the extemnal stress 555 from (19). For
biaxial tension, the foregoing integration domains remain the same and the only difference is the
evaluatidn of 67 in Eq. (14).

I1.2.4. Biaxial tension/compression loadings

In the case of biaxial tension/compression loadings, some microcracks are open while others
are closed. Microcrack process and open domains are coupled and affect each other. For prescribed
lateral stress 77 and “process angle” 67, one has to compute the corresponding normal stress 55
(evaluated at @ = 6”) and the open/closed microcrack angle boundary §* by Egs. (14) and (6) in
order to predict progressive stress-strain responses. In particular, Eqgs. (14) and (6) can be recast as

. —& 1+ ( 2 2 0)5.002_'_ . _ &%
5 = i+ VO — 127085 + 72 . 6" =cos~! i (26)
T2 (8 67 52 =02+ 011/ 0y seo
¥ ‘all) ( 'all)

As mentioned earlier in Section 2, Eq. (6) [and therefore (26),] is based on far-field stresses

and 1s therefore an approximation of the local stress formula (in biaxial tension/compression):
(p) = M85y + M1265, > 0 2N

From a mathematical viewpoint, use of (26) corresponds to a second-order (in w?) accurate interac-
tive microcrack theory. On the other hand, use of (26); and (27) produces third- and higher-order
terms (in ). Since our aim is to develop a second-order theory (in w?), Eqs. (26) can be regarded
as a good approximation. Nevertheless, Eq. (27) should always be checked against any possible

microcrack orientation to ensure that a microcrack is indeed open.

The microstructural integration domains can be systematically summarized as follows. Note
that there are 76 possible cases intotal anda” = x — §* and 3* = 7 + 6.
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Categoryl 10 < ¢ < 6” and ay = a,: 19 possible cases concerning the length of a;.

0<0+86)p<0F

a; P <B+8,< 0 az
(DIfO0< 8 <0+010+8°, then ay (5)1f0< 8y <8+6;50— 67, then ap
QDIf6+610+60° <6< 0+80,5+0" ap (6)IfO0+60,0—6° <Oy < G+6,p+6 ay
B)Ifb+6p—a" <bp<O+0p—a® ap (NIfO+601p+0° < b <H+6,0+8° ag
WDIfé+6p—a? <bp<r7 a; B)If6+6p+a" <bp<r ap
a* <f+0; < a” az a? <0+6p<2n az
(9)If0‘$ 00 <8+6ip—a", then ag (13)1f0<6p <0+ 00— a”, then ay
(10)Tf0+68;0—0"<6y<6+010—60> ao ()IfO+0p—0? <Op<B+bp—a" ap
(IDNIfO+010— 0P <0< 0+610+6° a5 (15)1f0+0)0—0" << 0+610—-6" a0
(QDI1f6+61p+6° <bp<~ ap (16)If@+6)p—6P <byp<T ay
0" <8+0, <" a;
(ANDIfO+010—-0" <0< 0+6,0~6" ap
(18)IfO0+8;0— 07 <Oy <H+6;0+6" ay
(ANTfO+010+6° <0< O+80)p+86 ap
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CategoryIl. If 8 < 8§ < 6" and a; = aq

: 19 possible cases concerning the length of a3.

0 <6+6,0< 0" az a " <8+6,p<a? az
MIfO<Oy<0+6,p—867, then ag (S)If0 <8< 6+8,50- ", then ag
QIf0+010—0° <0 <B+0,0+8°  a; (6)I1f0+010—0" <bp<b+60—6  ao
B)Ifl+0,0+60° << O0+0,p+0° ag (DIfO+6pg—0F < b <O+6y5+06° ay
@If0+0p+a° <Op<nm ac B)IfO+6,0+0° <bp<Tr ag
a® < G+0,0< " ay BP<6+0,0<2n as
DIfO< b <8+6,y—aP, then ay (13)1f0< 60 <8 +86y5—~ 3, then agp
(10)If8+6i0—0® <bp<B+B0—a" a0 (14)I1f0+01- B <Oy <O+8p—0a® a;
(ADIfO+640—0" < b3p<0+65- 07 ao (15)1f6+60p—af? <0< 0+60-a" ap
(A2)If0+61p—6° <<~ af (16)If6+6p—ec* <Op <~ ap
0* <0+0 < e az

(INIfO+601p—0" <0< 8+60—6 ag

(A8)IfO+010— 67 <0< @+0yp+07 ay

(ANIfO+601p+6° <Gy <O0+6i0+6° ag
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Category IIl. If a* < 0 < o” and a; = ao: 19 possible cases concerning the length of a;.

a* <f+0p<af

az af <0 +8,p< PP az
MIf0< b,y <0+6)5—a", then aps (5)I1f0<8;p<8+6)— a”, then ay
@DIfO0+6-0" <0< 0+86,g— 0 ag (6)If0+0p—®P < by <0+6;p—0" ao
(3VIfO+010—6° <Oy <O+06,0+67 ay (NIfO+610—6 <8< 0+0,0—6° ag
WDIf0+6)0+60” <bp<n ay B)If6+6,0-6°<bp<nr ay
BP<0+06;,p< 5 éz T+a" <0+0,0< 27 a;
DIfO<0p<b+6,0— PP, then ay (I3)If0<0yx<0+6)3~a"—mn,then ap
(10)1f0+0i10- PP <3< 0+0p—a” ay (18)If0+6,0— " <0< 8+0,0- " ap
(ADIfO+0p—a? <0y <6+bp~a" ap (15)I1f0+6,0—B° <0< 0+8,p—a” ay
(A2)If0+6p0—6" <0<~ ap (16)If6+0p—-aP <bp<n ag
Br<b+8p<rm+a" a;
(ANIf0+010— "< 0p0p<0+00— 5 a
(8)]f0+6)0— F? <byy<b+06ip—a” ay
(ANIfO+0)p—a? <y <b+6ig—a° ap
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Category IV, If o < 8 < 7 and a; = a;: 19 possible cases concerning the length of a3.

a? <O+, < BF ag PBP<+0,p< B a;
DIfO< by <8+86,~a?, then ay (5)1f0< 00 <0+6p~ %, then ao
QIf0+015—aP <y <O0+0ip—a° ag (6)1f8+6,0— 87 < by < 0+~ c” a
B)IfO+61g—0" <0< 0+80, -6 a9 MIfO+6)p—a? <byy<8+0;3—-0c" ag
@IfO+0)p—0° <Bp<r a; B)YIfO+6,0—0"<bp< aop
T+a" <0+0 < rnm+a’ a3 w+aP < G+0yp<2nm az
DIf0<0,y<8+6,p—a" —m, then ay (I3)1f0<0,<0+b6,p—a® —n, then ay
(10)IfO+810— " <60 <O+60— B ao (18)If0+0p—0’ -7 <Op<6+Bg—a" -7 ao
(ADTfO+010— P <bp<b0+bi0—a® ay (15)If0+610—f° < b <0+, ag
A If0+6,p—aP < by <7 ao (16)1f0+6,0— B <0<~ ay
B <+ <7m+a" az

(ANDIf0+610- B <0< 0+010— 5 a0
(18)If0+010—-ﬁp<020$0+9|o-—0p as
(19)If0+010—0p<920$9+010—0' ap

The foregoing integration domains completely define the integrals in Egs. (3)(5), and there-
fore effective compliances can be computed. In a strain-driven algorithm, the axial tensile stress
3% can also be computed accordingly. It is emphasized that microcrack interactions affect the
values of v; and thus 555; see (26);. In turn, &35 affects the “opening angle™ 8°; see (26),.

I1.3. Numerical algorithms and applications
H.3.1. Numerical integration algorithms

As previously mentioned, one needs to numerically evaluate the integrals involved in Egs. (3)-
(5). Furthermore, one needs to develop efficient numerical algorithm to solve Eq. (26) involving
both process and opening domains. First, the numerical integrations of (3)—(5) can be efficiently
achieved by using the “Gauss quadrature” scheme. In carrying out the Gauss quadrature numerical
scheme, we have chosen the following integration ranges: [2a,20a] for the distance r, and [0, =] for
the angle 6. The integration bounds for 6,4 and 6 are subsequently determined from the systematic
analyses presented in Sections 2.2 and 2.4.

Another issue is the number of Gauss points needed for each integration zone aforementioned

in Sections 2.3 and 2.4. Table 1 gives the convergence behavior of Gauss quadrature with respect
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to the number of Gauss points used for each integration zone for the “aligned microcracks” problem
previously considered in Section 3.2 of Part I. Clearly, use of 20 Gauss points in each integration
zone is sufficiently accurate. An efficient, iterative numerical integration algorithm to solve Eq. (26)
is summarized in Box 1.

Remark 3.1. For uniaxial and biaxial tensile loadings, Eq. (6) is automatically satisfied un-
less the axial stress goes to infinity; i.e., 6° = 7 /2. Therefore, the iterative process for finding the
opening angle bound 6* in Step (5) of Box 1 is unnecessary. g

I1.3.2. Uniaxial tension loading tests

L )

In this section, we consider two (plane strain) uniaxial tension tests with different initial mi-
crocrack concentrations: wp = na? = 0.1 (moderate density) and 0.4 (high density). It should be
realized that these two concentrations are equal to 0.17 and 0.4 in terms of the commonly used
definition (& = nwa3). Moreover, the k value in Eq. (11) is taken as 0.5, initial Poisson’s ratio
v =0.2,and po = 0.6in (7). For convenience, all strains are normalized (dimensionless) as follows:

—
E ()

The normalized stress-strain curves are displayed in Figure 3. All compliances have also been

(28)

€

normalized by dividing the common factor (1 — v2)/E. We observe that microcrack interactions
effectively lower the onset (threshold stress) of microcrack propagation. The existence of “corner
points™ on the axial stress-strain curves in Fig. 3 is a consequence of the deterministic fracture
criterion (14) and the uniform initial microcrack size ag. If we employ a probabilistic fracture
criterion or nonuniform initial microcrack sizes, the “corner points” will disappear and be replaced
by smooth transitions [c.f. Ju and Lee (1991), and Lee and Ju (1991)]. It is noted that the axial
stress/lateral strain curves are the same for wo = 0.1 and 0.4 for Taylor’s model due to the fact
that microcracks have no contribution to €;;. In the case of the proposed microcrack interaction
theory, a significant reduction in the magnitude of lateral strains is observed. That is, microcrack
interactions enhance Mode I displacements and reduce Mode 1I displacements, and therefore reduce
the magnitude of lateral contraction.

Figures 4 and 5 show the normalized overall compliance components predicted by both Tay-
lor’s and the proposed models. It is noted that Taylor’s model does not change either (Sy2) or (S21)
components despite damage. By contrast, the proposed interaction model shows that the shear com-

ponents (Sy2) and (S;;) change. It is also observed that (S),) and {S2)) become slightly different
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as the microcrack concentration increases. As the normalized axial stress 655 goes to infinity, one
may expect that the overall compliance matrix asymptotically becomes isotropic because all pre-
existing random microcracks grow to same length a;. This is indeed the case for Taylor’s model
and the self-consistent model. However, this may not be always true if microcrack interactions are
considered. The reason is that some initially open stationary microcracks (ao) in the very close
neighborhood of § = 7 /2 may become closed due to interactions with neighboring propagated mi-
crocracks (a;). Biaxial tension loadings can be treated in a similar fashion and therefore are not
repeated here.

I1.3.3. Biaxial tension/compression loading tests

One has to determine the open domain (6°) and the corresponding axial tensile stress 53 by
solving the system of equations (26) for specified values of 6” and 555 in order to compute overall
compliances. A good initial guess for 6* can be obtained from Taylor’s model by solving Egs. (6)
and (19). With this initial guess 6*©, one can obtain the trial value 53 by using Eq. (26),.
Subsequently, an improved trial value 6" can be rendered by using (26),, and so on. In what
follows, we adopt the following properties: v = 0.2, po = 0.6 and k¥ = 0.5.

To illustrate the performance of the proposed numerical algorithm summarized in Box 1, let us
consider the onset point of the “cleavage 1" microcrack growth. Table 2 shows the convergence
behavior of this case for wp = 0.1 and 655 = —0.1. It is observed that remarkable convergence is
reached within only two to three iterations.

The normalized axial stress-strain curves for four different biaxial tension/compression tests
with wp = 0.1, 0.4 and lateral compression 655 = —0.1, —0.4, respectively, are similar to those of
the uniaxial tension tests in Figure 3. However, the behavior of axial stress/ lateral strain curves
depends on &} (or the ratio [555/57|) and wy; see Figures 6 and 7. The magnitude of lateral
(contractive) strains are higher for higher lateral compression 655 = ~0.4; compare Figures 6
and 7. On the other hand, the loading ratio |555/555] affects the size of the open and process
domains. The sizes and orientations of these open and process domains, in turn, affect the effects
of microcrack interaction on lateral strains. In particular, for higher loading ratio |653/5%], the
net effects of microcrack interaction enhance the Mode 1 (dilatational) contributions and reduce
the Mode II (contractive) contributions. By contrast, when the loading ratio |655/55%] is relatively
small, the net effects of microcrack interaction enhance the Mode II (contractive) contributions;
see Fig. 7. It is worth mentioning that if 635 continues to increase in Fig. 7, then the two solid lines
in Fig. 7 will also intersect each other just as they do in Fig. 6.
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Finally, Figure 8 displays the normalized (S;;) and (S};) compliances vs. axial stresses for
wo = 0.4 and 557 = —0.1. Due to closure of some microcracks, overall compliances are always
anisotropic. It is also noted that due to microcrack interactions, the overall compliance matrix

becomes non-symmetric (i.e., Sy2 # Sn).

48




I1.4. A higher-order microcrack interaction model

The statistical micromechanical damage models presented so far are based on the concept of
pairwise microcrack interaction. This pairwise microcrack interaction mechanism essentially cor-
responds to a second-order damage theory (in w?). Within the context of the ensemble-volume
average approach, one can systematically incorporate many-microcrack interaction mechanisms
into the proposed framework. In essence, one needs to re-derive the ensemble-average of the per-
turbation in local stress field due to n-microcrack interactions (n > 3).

To illustrate the foregoing statements, let us consider a three-microcrack (third-order in w?)
interaction mechanism. Following the definitions and assumptions described in Part I of this study,
one can recast the local ensemble stress perturbation in Eq. (12) of Part I as follows:

M +d = Zh+({2)) (29)

q

where (T) is the first-order local ensemble stress perturbation due to pairwise microcrack interac-
tions, and (T) is the second-order local ensemble stress perturbation due to the third order micro-

crack interactions. In particular, (T) can be expressed as [cf. Eq. (13) of Part I}

(i‘) = /_('f‘)(x,a, 6, X1, a1, 011%2, a2, 0;) f(x2, a2, 02|x, a,0; %, a3, 6y) dO2dazdx; (30)

Here, ('i‘) (x,a,0;x,,a;,01|x2, az, 6;) is the second-order stress perwurbation of a microcrack cen-
tered at x with (a, ), given a microcrack centered at x; with (a;, 8;), averaged over the subclass of
realizations having a microcrack centered at X, with (a3, 6;). Further, f(x3, a3, 6,|x, a, 6; Xy, a;, 6;)
is the conditional probability function for finding a microcrack centered at x, with (az, ;) given
two microcracks fixed at x with (¢, 8) and at x, with (a;,6,). f(X2, a2, 62]x, a,8;x,, a;, ;) can be

simplified 1o f(x, a, ) by the assumptions of local homogeneity and reasonable randomness.

The solutions of T fora system of three (or many) arbitrarily located and oriented microcracks
were previously investigated by Horii and Nemat-Nasser (1985), and Kachanov (1987). In partic-
ular, Kachanov (1987) pursued extensive numerical computations in order to obtain the “transmis-
sion factors™ for local stresses. Alternatively, one can derive approximate analytical solutions for
T by following the procedures presented in Sec. 2.3 of Part I.

For clarity, let us express T and (e*)(x) as follows [cf. Egs. (25) and (28) of Part I]:

(T) = (T= + T +T) = (Ko + fX)f(a, 0)(K) + 2(X)[%(a, O)(K")) - 7° (31)
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€)x) = {{S) +(SH +(SY)} - r==(§)- > (32)
where T = K’ 7 and [see Eqgs. (29)-(30) of Part I

.2
s = = 5w / 2 / g - Kof(a, 8) doda (33)
A e
oy T =) 2 2
(§%) = —5F— ™) ANAS (K)f*(a,6) dbda (34
o
— 2 ’
(87 = 3(—15—")f’(x) L a? / g (K')f(a, 8) ddda (35)
e

In the above equations, K, Kg and (K) have been previously defined in Egs. (24), (26) and (27) of
Part I, respectively. Similarly, K’ (or 'f‘) can also be constructed as follows. One starts by expanding
Eq. (15) of Part I into six linear equations with j = 1,2, 3. Then, one obtains Eqs. (16)+(17) of
Part I with the understanding that ;j = 1,2,3 and the permutations 1-2, 2-3, 3-1 are involved in
Eq. (17). Eq. (18) of Part I is modified toinclude the kth (k¢ # 7 and k # 7) microcrack’s contribution
to stress perturbations. Subsequently, Eq. (19) of Part I is expanded to a six-equation system with
a denoting a six by six coefficient matrix. The components of « are identical to those in Eq. (20)
of Part I with the understanding that the 1-2-3 permutations are involved. Therefore, we arrive
at explicit formulas similar to Egs. (21)—(24) in Part 1. Finally, it is noted that the computation of
(K’) involves integration over the probabilistic domain of all possible positions and orientations
of two active neighboring microcracks. Following the standard procedures presented in Sec. 2.4
of Part 1, it can be shown that (S*3) in Eq. (35) introduces third-order terms (in «*) to overall
compliance. Therefore, a third-order statistical micromechanical model can be constructed. By
repeating the foregoing procedures, we can formulate a complete hierarchical family of statistical

micromechanical theories of arbitrary order.
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I1.5. Conclusions

In this paper, basic two-dimensional formulations presented in Part I of this investigation are
further extended to account for “cleavage 1” microcrack growth processes with microcrack inter-
actions. Stemming from a micromechanical viewpoint, a mixed fracture criterion is used to derive
microcrack kinetic equations for interacting, randomly located and oriented microcracks. As are-
sult, the proposed approach is capable of predicting the progressive stress-strain curves for biaxial
loadings. This constitutive predictive capability is not found in the current literature on stationary
microcrack interaction models. Both tensile and mixed tensile/compressive loadings are considered
in Sec. 2, including systematic analyses regarding detailed integration domains. Further, efficient
numerical integration algorithms are presented for biaxial loadings in Sec. 3. A number of model
predictions and comparisons are also performed. It is shown that load-induced anisotropy and non-
symmetry of overall compliances can be predicted by the proposed micromechanical models. It is
emphasized that the proposed models do not employ any fitted “material parameters” and do not

require the use of Monte Carlo simulations.

The proposed pairwise interaction framework is subsequently generalized to a higher-order
damage model to account for higher (third and above) order microcrack interaction effects in Sec. 4.
However, a higher-order micromechanical damage model requires much more complicated anal-
yses. Experimental validation of the proposed micromechanical evolutionary damage models is
needed to further assess their validity for practical engineering problems.
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Box 1. Numerical inteeration algorithm

(1) Specify 67 and 55F, and guess an initial bound of opening domain 6" (e.g., from Taylor’s
model analysis).

(2) Integrate (3)—(5) over § and 6,0. Note that

a = { ay, if 8 in process domains;
! ag, otherwise.

*

(3) Integrate (3)-(5) over 6y for each value of 6 + 6,5. Note that

a4y = { ay, if 0 in process domains;
ap, otherwise.

(4) Integrate Egs. (4)-(5) from r = (a; + a2) to maz(20a,;,20a2).

(5) For a given fracture criterion, find the corresponding threshold stress 535 by (26),. Cal-
culate the updated opening angle bound 6* by (26); or (27). If the difference between
the initial guess and the updated §*-value is not acceptable, then go back to Step (2) and

re-iterate until proper convergence is reached.

(6) Go to Step (1) and specify new 67 and 475 values.

54




Table 1. Convergence behavior (rme = 20a)

No. Gauss points (K1) (Kys)
10 0.5862290322 0.2405392992
20 0.5864980549 0.2406183532
30 0.5864981079 0.2406183630
40 0.5864981080 0.2406183630
80 0.5864981080 0.2406183630

No. of iteration (z)

6"

Table 2. Convergence behavior

w-(id) _ 9-(i)|

0

Wmoh W N e

1.2645189576
1.2592833120
1.2592966258
1.2592965919
1.2592965920
1.2592965920
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5.2356456171E-03
1.3313781921E-05
3.391554570SE—-08
8.6395779419E—11
2.1960211427E—13



IL7. Figure captions

Figure 1. Schematic sketch for the definitions of process domains (67) and opening domains

@°).

Figure 2.  Schematic sketch for various integration domains, with x denoting the global
reference axis, (x}, y}) denoting the first set of local coordinates, and (x3, y;) denoting the second
set of local coordinates.

Figare 3. The normalized axial stress-strain curves for uniaxial tension tests. The dotted
lines and solid lines are predictions from Taylor’s and the proposed models, respectively.

Figured. The normalized {S3;) and (S1;) compliances vs. axial stress curves for uniaxial
tension tests with wy = 0.1. The compliances have been normalized by the factor (1 — v?)/E. The
dotted lines and solid lines are predictions from Taylor’s and the proposed models, respectively.

Figure 5. The normalized (S)») and (S3;) compliances vs. axial stress curves for uniaxial
tensicn tests with wg = 0.1 and wg = 0.4. The dotted line is the prediction from Taylor’s model
for both wp = 0.1 and wy = 0.4. The dash-dot lines and solid lines are (S;,) and (S3,) predictions,
respectively, from the proposed model.

Figurc 6. The normalized axial stress vs. lateral strain curves for biaxial tension/compression
tests with 75 = —0.1. The dotted lines and solid lines are predictions from Tayior’s and the
proposed models, respectively.

Figure7. The normalized axial stress vs. lateral strain curves for biaxial tension/compression
tests with 577 = —0.4. The dotted lines and solid lines are predictions from Taylor’s and the
proposed models, respectively.

Figure 8. The normalized (S3;) and (S);) compliances vs. axial stress curves for biaxial
tension/compression tests with wo = 0.4 and 6% = —0.1. The dotted lines and solid lines are

predictions from Taylor’s and the proposed models, respectively.
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Figure 2.  Schematic sketch for various integration domains, with x denoting the global
reference axis, (X}, ;) denoting the first set of local coordinates, and (%}, y3) denoting the second

set of local coordinates.
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PART 111
A Three-Dimensional Statistical Micromechanical

Theory for Brittle Solids with Interacting Microcracks

HL.0. Abstract

A three-dimensional statistical micromechanical theory is presented to investigate effective
elastic moduli of brittle solids with many randomly located, penny-shaped microcracks. The macro-
scopic constitutive relations are statistically and micromechanically derived by taking the ensemble
average over all possible realizations which feature the same statistical distribution of microcracks.
Approximate analytical solutions of a two-microcrack interaction model are presented to account
for pairwise microcrack interaction among many randomly located, aligned microcracks. There-
fore, the ensemble-averaged stress perturbations due to microcrack interaction can be constructed
in closed-form. The overall effective compliances of microcrack-weakened brittle solids are de-
rived by further taking the volume average of the ensemble-averaged stress-strain relations over the
entire mesostructural domain of a representative volume element. Some numerical examples are
given to illustrate the behavior of the proposed method. Comparisons with some existing methods
are also appended. Finally, a higher-order ensemble-average formulation of microcrack interaction
is briefly discussed. The proposed framework is fundamentally different from existing “effective
medium methods™ which do not depend on microcrack locations and configurations. It is empha-

sized that no Monte Carlo simulations are necessary in the proposed framework.
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IIL1. Introduction

Damage mechanics has emerged as an important branch of solid mechanics pertaining to mi-
crocrack nucleation, growth, coalescence and interaction, as well as their effects on overall mechan-
ical responses of materials. Basically, there are two types of models: (a) phenomenological damage
models (e.g., Ju (1989a,b), Chow and Wang (1987)), and (b) micromechanical damage m~icls. We
refer to Krajcinovic (1989) for an excellent comprehensive literature review on damage mechanics.

The majority of micromechanical damage theories falls into the category of “effective medium
methods”. When microcrack interactions are totally ignored, the resulting micromechanical mod-
els are termed “Taylor's models™; see, e.g., Krajcinovic and Fanella (1986), Fanella and Krajci-
novic (1988), and Ju (1991b) for some micromechanical evolutionary models. The “self-consistent
method” (Hill (1965)) was applied to damaged solids by Budiansky and O’Connell (1976) focus-
ing on randomly distributed, weakly interacting microcracks. The self-consistent method was fur-
ther explored by Horii and Nemat-Nasser (1983), Laws et al. (1983), Laws and Dvorak (1987),
Sumarac and Krajcinovic (1987, 1989), Krajcinovic and Sumarac (1989), Horii and Sahasakmon-
tri (1990), Nemat-Nasser and Hori (1990), Ju (1991a), Ju and Lee (1991), and Lee and Ju (1991),
etc.. In addition, a three-phase “generalized self-consistent model” was proposed by Clristensen
and Lo (1979), and Christensen (1990). The “differential scheme” was investigated by Roscoe
(1952, 1973), McLaughlin (1977), Laws and Dvorak (1987), Hashin (1988), Nemat-Nasser and
Hori (1990), and so on.

On the other hand, based on variational principles, Hashin and Shtrikman (1962, 1963) pro-
posed upper and lower bounds for elastic composites with elastic inclusions. Extension of their
work to penny-shaped microcracks is possible, see, for example, Willis (1977). Moreover, the
“Mori-Tanaka method” was studied by Mori and Tanaka (1973), Benveniste (1986), Zhao, Tandon
and Weng (1989), and Weng (1990). The Mori-Tanaka method produces identical results to the
Hashin-Shtrikman bounds (1962, 1963) under many situations; see Weng (1990) for details.

It is noted that effective medium methods are only valid for low or at most moderate micro-
crack concentrations since they do not depend on microcrack locations or configurations. When
microcrack concentrations are higher and microcrack spacings are smaller, strong microcrack in-
teractions become significant and microcrack locations should be accounted for. Excellent strong
microcrack interaction models were proposed by Gross (1982), Horii and Nemat-Nasser (1985),
and Hori and Nemat-Nasser (1987) for two-dimensional deterministic microcracks (not at the con-
stitutive level). More comprehensive studies were investigated by Kachanov (1985), Kachanov
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and Montagut (1986), Kachanov (1987), Montagut and Kachanov (1988), Kachanov and Laures
(1989), and Laures and Kachanov (1991) for two- and three-dimensional deterministic arbitrary mi-
crocrack arrays (at the constitutive level). In particular, the valuable work due to Kachanov (1987)
and Kachanov and Laures (1989) are ideally suited for deterministic microcracks. However, one
needs to perform Monte Carlo simulations associated with their method in the event of staristically
distributed microcrack arrays.

In this paper, we attempt to establish a statistical micromechanical framework to predict effec-
tive moduli of brittle solids with many interacting, randomly located penny-shaped microcracks.
Randont microcrack locations and relative configurations are accommodated through probability
density functions and the ensemble average approach. It is noteworthy that Batchelor (1970),
Batchelor and Green (1972), Willisand Acton (1976), Hinch (1977), and Chen and Acrivos (1978a,b)
employed similar methods to characterize elastic particulate composites. On the other hand, the
proposed method is quite different from that proposed by Hudson (1980, 1981, 1986). Hudson’s
method, though using the ensemble average approach, is based on a second ~rder stiffness theory
and therefore leads to irrational behavior for solids with moderate or high microcrack concentra-

tions (Sayers and Kachanov, 1991). The proposed approach is free from this anomaly.

This paper is organized as follows. In Section 2, the ensemble average approach td derive local
damaged stress-strain relations is introduced. Approximate closed-form solutions are subsequently
presented for the interaction problem of two aligned but arbitrarily located penny-shaped micro-
cracks. The overall moduli of a representative volume element are then derived by the volume
averaging process in Section 3. In Section 4, applications are made to some special cases. In
particular, in the event of dilute microcracks, the present approach recovers the well-known Taylor’s
model by neglecting interactions among microcracks. Comparisons with some existing methods
are also presented. Finally, a higher-order microcrack interaction formulation within the proposed
framework is discussed in Section 5.
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II1.2. An ensemble average appruach to 3-D aligned microcrack interaction

In this section, we start by studying the ensemble averages of microcrack-perturbed stresses
and strains. Approximate closed-form analytical solutions of two arbitrarily located, aligned mi-
crocracks are subsequently given. Finally, some test problems are examined to assess the accuracy
of the proposed approximate analytical solutions.

Following the current literature, it is assumed that the volume-average stress & is approximately
equal to the far-field stress . This common assumption can actually be removed and further
improvements are possible. These and related issues will be addressed in a forthcoming paper.

)

H1.2.1. Ensemble averages of microcrack-perturbed stresses and strains

Due to the existence and interaction of microcracks, local stresses and strains in the matrix
material are perturbed. The ensemble average approach hinges on the concept that local stresses,
strains and compliances (or stiffnesses) at a typical point within a representative volume element
(RVE) of a microcrack-weakened solid can be obtained by averaging over the ensemble of all sza-
tistical realizations of randomly distributed microcracks. Batchelor (1970), Baichelor and Green
(1972), and Hinch (1977) applied this approach to the study of fluid suspensions within the frame-
work of pairwise (second order) interaction. The ensemble average approach with pairwise in-
teraction was later applied to composite materials with interacting inclusions (inhomogeneities) by
Willis and Acton (1976), as well as Chen and Acrivos (1978a,b). Recently, Chen and Ju (1991) and
Ju and Chen (1991) proposed two-dimensional (second-order and higher-order) micromechanical
damage theories for brittle solids with interacting slit microcracks by employing the ensemble av-
erage method and micromechanical fracture mechanics. It is noted that local displacements, strains
and stresses vary with positions within a RVE.

For simplicity, we consider a two-phase composite composed of a linear elastic matrix and
many randomly located penny-shaped microcracks. The local strain tensor at a point X within the
RVE takes the form:

e(x) =8%: o(x) + € (x,C) )
where € and o denote the local strain and stress, respectively; €* is the perturbed strain due to the
existence and interaction of microcracks; and C denotes the set of all possible configurations of
microcracks. It is emphasized that €* is zero if x is a point in the matrix and non-zero if x is a point
on the microcrack surfaces. Taking the ensemble average over Eq. (1), we arrive at

(€)(x) = 8% : (&) (x) + (€")(x) )
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where the angle brackets (-} signify the ensemble average.

Throughout the development of this paper, for simplicity, we shall assume that the solid is
locally homogeneous (Hinch (1977)) and penny-shaped microcracks do not intersect one another.
Local homogeneity implies that all probability density functions (PDF) do not vary under small
translation on a macroscopic length scale. It can be shown (Chen and Ju (1991)) that, in the case
of microcracks, the perturbed strain can be expressed as

(€")(x) = f(x) /c / %([[u] @ n+n® [ul)(x'|x,G)f(G) dGdS; 3

L)

Here, ¢ = (a,n) indicates the microcrack radius a and orientation n. Furthermore, x’ denotes a
point on the surfaces (S;) of a microcrack centered at x; f(x) is the PDF for a microcrack being
centered at x; f[u] is the vector of microcrack opening displacements; and f(G) is the PDF for a
microcrack with a geometry G. If all penny-shaped microcracks are aligned (parallel) and of equal
size, then there is no variation in G. This could correspond to, for example, microcracks generated
by fiber breaks in unidirectional fiber composites (see, e.g., Laws and Dvorak (1987)). In this event,
Eq. (3) can be simplified as follows

i
(€7)(x) = J’(X)/S 7l & n+ng Ll dS; (4)

It is well known that, for an open penny-shaped microcrack with radius a embedded in an
infinite linear elastic isotropic matrix, the microcrack opening displacements at x’ (at a distance p
from the center of the microcrack) are:

v ] — 2 2s
{nu;n} 8d=v) Al 5 5)
Hu;n rl:(2—- l/) (2_, V)p
where E and v = the Young’s modulus and Poisson’s ratio of the virgin matrix material, respectvely.

Moreover, p, s and ¢ are the z-direction normal, the z-direction shear and the y-direction shear

stresses projected on the microcrack surface in its local coordinates; see Fig. 1 for a schematic plot.

If all (open) microcracks are aligned (parallel), then we can define n = (0,0, 1T. By sub-
stituting Eq. (5) into (4) and carring out the integration, we obtain (assuming equal microcrack
size)

1601 - 1)
3EG =) g- (T (6)
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where (the Voigt’s notation)

(€
2{ezy)
2(ey.)

\ 2<€:t) J

In addition, g is the transformation matrix and T is the local! stress vector:

et

)

i

Al.E
%

0 00
0 00 p
g= 2'6” 8 8 : T={s} 8
: 0 0 2 t
0 2 0

In the event of distributed (nonuniform) microcrack lengths and orientations, similar (though more

complicated) expressions can be constructed accordingly.

On the other hand, the local stress vector {T) can be shown to be (see Eq. (14) in Sec. 2.2):

T=T°°+TE{§°°}+{§_} )
¢ f

Here, T* denotes the unperturbed local stress vector due to remote loading, and T denotes the
local stress perturbation due to three-dimensional microcrack interactions. In what follows, atten-
tion is focused on pairwise microcrack interactions. Higher-order microcrack interactions will be
discussed in Sec. 5. By assuming that all microcracks are aligned with a chosen global coordinate

system, the stress T> due to far field loads can be expressed as

T =K, - 7% 10
where
00 L4
01| ; r~={'x% (1
1 0

oo
(7‘1'z

oo
021‘

The ensemble average of local stress perturbation, on the other hand, takes the form (assuming

uniform size and aligned orientation):

(M) = /~ (T)(x[x,) £ (xi[x) dxy (12)
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where (T)(x!x,) = the ensemble-average stress perturbation for a microcrack centered at x over the
subclass of realizations having a microcrack centered at x;; and f(x;|x) = the conditional PDF for
finding a microcrack centered at x; given a microcrack centered at x. Further, = designates the

active (open) integration domain which depends on the loading conditions.

The conditional PDF f(x,|x) can be simplified to f(x;) if microcracks do not intersect and
reasonable randomness holds (Hinch (1977)). The local homogeneity assumption enables us to
further approximate f(x;) by f(x). Therefore, Eq. (12) can be recast as:

. (TYx) = f(x)l(T)(x!xx)dXx (13)

The quantity T(x|x;) corresponding 1o the pairwise microcrack interaction will be the main subject

of the next section.
I11.2.2. Approximate explicit solutions for pairwise interaction of aligned microcracks

The objective of this section is to construct approximate closed-form explicit expressions for
perturbed stresses T due to the two-microcrack interaction so that the ensemble-average formalism
proposed in Sec. 2.1 can be realized. It is actually possible to derive explicit expressions for T in
the interaction problem involving two arbitrarily oriented and located penny-shaped microcracks.
However, general solutions of the two-microcrack interaction problem are rather complicated and
no reasonably compact closed-form explicit solutions can be presented within normal journal page
limit. Therefore, for demonstration purpose, attention will be foucused on explicit solutions of
two randomly located, aligned (parallel), equal-sized, penny-shaped microcracks embedded in an
infinite, linear elastic isotropic matrix. Nonetheless, in a forthcoming paper, arbitrary microcrack
orientations, locations and sizes will be accommodaied through numerical ‘microcrack interaction

matrix” and the ensemble average approach.

The “pseudo-traction” method is adopted here to derive approximate expressions for T since
exact solutions are not yet available. For mathematical simplicity, only the first term of Taylor’s
expansion of the local stress field is used to represent the average stress across the microcrack
surface. Higher-order terms in polynomial expansions may be included if desired, however, at the
high cost of a much larger system of equations and much more complicated analytical expressions.
Stemming from a different vicwpoint, the more accurate “transmission factor”-type formulaton

proposed by Kachanov (1987) is well suited for deterministic numerical computations. Within the
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framework of statistical ensamble average, nevertheless, closed-form explicir solutions for stress-
interaction are preferred.

Figure 1 shows the local coordinate systems for microcracks 1 and 2 of radius a. The z-axis
is chosen as the direction normal to the microcrack surface. In accord with the pseudo-traction
concept, the problem of two interacting microcracks subjected to far field stresses can be decom-
posed into a homogeneous problem and two sub-problems (see also Chen and Ju (1991)). In the
homogeneous problem, a microcrack-free solid is subjected to applied stresses at far field. In the
sub-problem j (7 = 1, 2), an infinitely extended solid contains only one penny-shaped microcrack
and is subjected to zero remote stress at infinity. Since stresses vanish on microcrack surfaces (S,),
the following boundary conditions must be satisfied (j = 1, 2):

-—pj+p;°+j5]=0 ; "’SJ'+S;>0+§J=O ; *l,+if°+{1=0 (14)

In the first sub-problem (containing only the ‘microcrack 1°), let us define a cylindrical coordi-
nate system with the center of the ‘microcrack 1 as its origin. Accordingly, the center location of
the ‘microcrack 2’ can be characterized by (p, ¢, z); see Fig. 1. For convenience, we shall introduce

the following definitions:
01 = 0.2+ 0y 3 03 = 0pp — Oyy — 2104, (15)

0, 20, 5 T, =0:,+10, (16)

If the surfaces of the ‘microcrack 1° are subjected to applied normal stress p'V), then perturbed
stresses at the ‘microcrack 2’ location are given by (Fabrikant (1989, p. 252-257)):
()] 2 _ /2 2 (14 4 a2(242 + 252 — 3p?
a'(,') = —-—-——ZP (1+2) ________a(lzz az) — sin~! (ﬁ) i [l‘ ta (2;1 res 1/23p )]
i3 -4 lz G -8Y G -a®

25D alzc2‘°(12 _ az)!/‘.' =2 [02(612 -2+ 2) - 504]
A1y _ &P ahy 2 _ 2 i*s 2)
T ag-n VMt T e

{4

(17)
(7'“) - 2p(l) 0(1% - 02)1/2 i a\ az? [l? +a*(2a® +227 - 302)]
oo B8 I E B - )
qan _ 290 zhet(l; — a?)' 72 [Pl - 5p%) + 1]
) ™ L(E - By
where 1
= 3 {[(a +p)’ »Lzz]"'2 - [ta = p)*+ 2211/2}
1 12 12 (18)
l = 3 {[(ﬂ+ﬂ)2+:2] + [(a = p)* + 2] }
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an(ll) =

n(1) _
5 =

) _
2

w1} _

z =

+

Furthermore, when the surfaces of the ‘microcrack 1’ are loaded by the combined shear stresses
71 = sM 4311 the perturbed stresses at the ‘microcrack 2* location are (Fabrikant (1989, 3. 257-
261)):

2(7We'® + 1e—19) ali(@® — )2zl (&} - o)\ [a¥(4 — 5p%) + 1{]
a-n | e Ts L@ -
—2ei¢ all(az - 1%)1/2 6] le (I% - 02)]/2 402 =(1)_2id 02(41% - sz) + I: ) (1) 2i¢ ] }
"2- ) {4“ @ sE T P TRES D ["@" a7y A
2FVe 4 7Wei0) 2 (B — o)/ [2(413 = 552) + I
- 12-v) (@ - By
2 a3 -a)? | (2)) 2(a® — BY'V2 {18 + a(2a® + 222 — 3p?)) "
per { [(2 - v) (_——_@ s sin”' (1] )+ @y T
2 aap, 2@ =1 (02613 — 28 +p) - S1§] |  Be¥®
[”“ o @~ 77 BE-

19)
where 71 is the complex conjugate of ("), The total perturbed stresses due to combined normal
loading p®" and shear loading 7" are therefore obtained:

M 2 gy gD . G 1)y Gk

o, ;
M 116)) n(l) M (1) (1) (20)
o, =0, 0, ; 1, =1 +71,
It can be shown that the Cartesian stress components are
1 1
1 _ 1) 1) . D _ ¢}] (1)
1 21)
1 n o.M _ 1
o =0 5 o) = Zimaf?) (
M _ ay . Lm_ !
ayz) = Im(7, N sz) = Rc('rz( h
where “Re” and “Im” are the real and imaginary parts, respectively, of a complex variable.
Eq. (21) can be recapitulated into the following matrix form:
1 r |+§z cl+g d’# 2 M (l)
Ozz o 2 2 2
o,yy b]-z-h CI;CZ d —d (1)
p
O =} Oz = 1:3 ) 3%3 s (22)
i 7 3 3 t
Tyz bs cs ds
Tz L b co ds |

where definitions of the parameters b;, c;, and d; can be found in Appendix I. Symbolically, we

can express 7! as a function of coordinates and normal and shear stresses as follows:

=1, b 58 1) (23)
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Since microcracks 1 and 2 are aligned, the perturbed nn~~ma! and shear stresses along the sur-
faces at the ‘microcrack 2’ location are
ce 1.6 =00

e, - .e, =0l (24)

2x

'St

@

2
h=e -1.¢ =0f)

where e., e, and e, are the unit base vectors in the Cartesian (z, y, and z) coordinates.

Similarly, in the sub-problem 2 (containing only the ‘microcrack 2°), it can be shown that the
pcrturbesl normal and shear stresses along the surfaces at the ‘microcrack 1’ location are

fr=a@ ; 5=-02 ; =002 (25)

where symbolic representations similar to Eq. (23) and (24) have been employed:
@ = 1(p,7 — ¢, 2, p2, — 52, 12) (26)

Eq. (24) together with (25) then leads to

5 0 0 0 P - dP ”
1 2
5 0 0 0 P P -]
il_10 0 0 L ) N
P YD 4P o 0 0 2
5 B & & 0 0 0 ||
b R S S 0 0 b
L0 Ce 6 J
For convenience in the following derivations, let us define
P Py P
s sy 31
t 'l = 4
Ti.,=<¢ 1 s TR,={ : Tia=< 2 28
1-2 P2 o2 p2e 1-2 P2 (28)
5] S'f 7]
ty > 143

and a = the 6 x 6 “microcrack interaction matrix” in Eq. (27). It is noteworthy that our o matrix,
in fact, corresponds to the A matrix (the “transmission factor” or “crack interaction matrix™) in
Kachanov (1987) and Kachanov and Laures (1989). With these notations at hand, Eq. (27) can be
rewritien as

Tia=a- T (29)

Since Ty, = T5%, + T3, Ty can be solved from Eq. (29):
T|_2=R-Tﬁ2 . where Kz a-(I- o)} (30)
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Further, we define T = (51, 51,71)T and K, = the first three rows of K. Henr=_ from Eq. (30), the

perturbed stresses on surfaces of a microcrack due to the existence of the second microcrack are:

T=K; T, (31)

Finally, since the two microcracks under consideration are aligned, it can be casily shown that

3 001000 e
AREERERIE:
= J i _ 01 o, \ oo
T, = p}f ~10 01 0 0O ol =K;-7 (32)
. 83° 0 000 01 oy,
5 000O0T10O0 o>

N
L]

From Eq. (32) and (31), we conclude that the average perturbed stress vector T over surfaces of a
microcrack is simply:
T=K-7= ; where K=K, K, (33)

Substitution of Eq. (33) into (13) then renders realizaticns for (T) in the previous section. There-
fore, the ensemble average approach is completely defined. For non-aligned penny-shaped micro-
cracks, more complicated derivations will be involved.

II1.2.3. Some test problems for two-microcrack interaction

A number of test problems are considered in this section to examine the performance of the ap-
proximate analytical solutions presented in Sec. 2.2. These include normal and shear loadings for
two aligned coplanar or stacked penny-shaped microcracks. Itis not our intention, however, to pro-
pose highly accurate analytical solutions to compute local stresses and stress intensity factors (SIFs)
at all points on microcrack surfaces for a two-microcrack interaction problem. Instead, reasonably
accurate analvrical average perturbed stresses (in terms of elementary functions) over microcrack
surfaces are sought in order to exploit the ensemble average approach. In fact, if one is interested
in deterministic 3-D microcrack interaction, excellent numerical method has been proposed by
Kachanov and Laures (1989). It is noted that key steps in Kachanov and Laures’ (1989) method
also focus on the computation of average pairwise stress “transmission factors” and average trac-
tions. Once average tractions become known, one can certainly compute projected local stresses
and SIFs at any point on microcrack surfaces. In general, the simple analytical solutions presented
in Sec. 2.2 are not as accurate as those proposed in Kachanov and Laures (1989). Nonetheless, the
latter relies on extensive numerical computations of transmission factors for all poin's on micro-
crack surfaces and is therefore not employed here.
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It is emphasized that, given an existing microcrack, the location of the second microcrack is
random within the ensemble average framework. Although stress interactions between two mod-
erately spaced random microcracks are not very strong, their cumulative effects are important due
to high spatial probabilities. On the other hand, stress interactions between two closely spaced ran-
dom microcracks are strong yet their spatial probabilities are lower. Therefore, contributions from
both closely and moderately spaced microcracks should be accounted for in the ensemble average
approach. The ensemble-average spacing of microcrack arrays, clearly, depends on microcrack
concentration.

Cast I: Two equal-sized coplanar microcracks under normal loading. Though numerical re-
sults for SIFs are available for two coplanar microcracks under normal and shear loadings (Fab-
rikant (1987, 1989)), exact results for average tractions projected over microcrack surfaces are not
documented. Nevertheless, Kachanov and Laures (1989) show that their results for SIFs are very
close to those of Fabrikant (1987, 1989) for two equal-sized coplanar microcracks. Therefore, the
average tractions computed by Kachanov and Laures (1989) should be quite accurate in the case
of coplanar microcracks. The ratios of perturbed vs. far-field average normal stresses (p/p*) ob-
tained by the proposed method are listed in Table 1 for various //2a values (the Poisson ratio v
= 0.25). Here, { signifies the center-to-center distance between two microcracks and 2a is the mi-
crocrack size. For example, [/2a = 1.00025 means that the smallest distance between microcrack
tips is only 0.000254. The results reported in Kachanov and Laures (1989) and relative differences
between the two results are also given in Table 1 for comparison purpose. From Table 1, it is clear
that interaction renders average stress amplification. The effect of microcrack interaction decays
as the distance between two microcracks increases. Moreover, the differences between our simple

calculations and those of Kachanov and Laures (1989) are small.

Case II: Two equal-sized coplanar microcracks under shear loading. The ratios of perturbed
vs. far-field average shear stresses (7/7°°) obtained by the present method are listed in Table 2
for various [/2a values (the Poisson ratio v = 0.5). From Table 2, it is seen again that interaction
renders average stress amplification. The differences between our simple calculations and those of
Kachanov and Laures (1989) are small.

Case II: Two equal-sized stacked micrccracks under normal loading. The ratios of perturbed
vs. far-field average normal stresses (p/p™) are listed in Table 3 for various //2a values (the Pois-

son ratio v = 0.25). Obviously, from Table 3, interaction renders strong average stress shielding.

76




The degree of shielding in this case is much stronger than the degree of amplification in Cases I or
I1. Fabrikant (1989) did not provide numerical results for SIFs nor average stresses for two stacked
microcracks under normal or shear loadings. Therefore, exact results are not available. For com-
parison, the differences between our simple calculations and those of Kachanov and Laures (1989)
are listed in Table 3. It is observed that the difference is not very significant if {/2a is greater than
0.5. The difference increases as the two microcracks move closer, due to sharp variations of stress
fields in the close neighborhood of interacting microcracks.

Case IV: Two equal-sized stacked microcracks under shear loading. The ratios of perturbed vs.
far-field'average normal stresses (p/p™) are given in Table 4 for various //2a values (the Poisson
ratio v = 0.25). From Table 4, interaction renders average stress shielding when the distance [ is
small and very weak stress amplification when [/2a > 0.5. The differences between our simple
calculations and those of Kachanov and Laures (1989) are small for [/2a greater than 0.25.

Since pairwise microcrack interactions are random (probabilistic) within the framework of the
ensemble average approach, the errors associated with the present approximate analysis should be
statistically averaged over all possible realizations. Therefore, the ensemble-average error of the
present method should be small as long as microcrack concentration is not extremely high.
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IIL3. Effective moduli of brittle solids with interacting microcracks

With the ensemble average framework and analytical pairwise interaction solutions at hand,
we are now ready to construct the ensemble-average constitutive equations of brittle solids with
many randomly located, aligned interacting microcracks. By substituting Eq. (10) and (33) into (9)
and taking the ensemble average, we arrive at

(T) = (Ko + f(x)(K)) - 7 (34)

where
(K) = / K dx, = / Kr?siny drdydf (35)

In the foregoing equations, itis implicitly assumed that all microcracks are of equal size and of same
orientation. In addition, the spherical coordinate system (r, %, ) is used to describe the random
location (x,) of the second microcrack relative to the first random microcrack centered at x. Note
that ¢ varies from 0 to = and & ranges from 0 to 2x. If we normalize r with respect to the microcrack
radius a (i.e., { = r/a), then Eq. (35) can be recast as

(K) = ¢*(K) = o3 / K¢?siny dédipdo (36)
Combining Eq. (6), (34) and (36), we obtain the local ensemble-averaged damage-induced

strain (at a typical point x):
(e)x) = ($)(x)- v (37

Here the ensemble-averaged, damage-induced local compliance has two components:

(SHx) = (8"1)(x) + (S)(x) (38)
where 1601 )
($)x) = g,;fa?’;))f(x)a’g Ko
(39)
_16(1 - 2

()00 = 31 (e’ - (K]
It is noteworthy that Eq. (39) actually reveais physical nonlocal effects in constitutive equations
through microcrack interaction and the ensemble averaging process. That is, the stress-strain laws
at a material point x within a RVE depend on the constitutive laws of all neighboring points. This
is a physical nonlocal approach, at variance with t.c postulated nonlocal theories due to Eringen
and Edelen (1972).
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To obtain volume averaged moduli due to microcracks within a RVE, one simply applies the
volume-average operator to Eq. (38)-(39). Asa consequence, we have

—_ 1 . 1 . . = :
$) = —‘-/-/V(S )(x) dx = v [/V(S N(x) dx+L(S 2)(x) dx] = (S"1) + (§*2) (40)

where —  16(1 — 1?) Sy f(x) dx
(§+1) = IEG-n)® Ko -ZT-—— an
2
Let bs assume that there are N microcracks in the RVE; i.e.,
/v f(x)dx=N (42)

Further, consider the case in which the variance of the PDF ( f(x)) for locations of microcracks is

small (e.g., uniform probability). We may therefore write

2o 1o Ly f)dx]? N2
_/;/f(x)dx—"‘—v-————"'/— (43)

Substitution of Eq. (42) and (43) into (41) then leads to

 16(1 — )
1 b S P
(8 = 3pa =08

s 16(1 = 1?) P
=2 T e— e .

Ko w

(44)

where
Nd3
1%
is the (volume-averaged) microcrack concentration parameter. We emphasize that our definition
of w is different from that defined by Budiansky and O’Connell (1976). The two definitions differ

by a scalar factor 47 /3. It is noted that (S*1) actually corresponds to the first-order contribution

(45)

W

due to non-interacting microcracks; i.c., the simple Taylor’s model is recovered. Moreover, (S-2)

represents the second-order (in w?) contribution due to pairwise microcrack interaction.
Finally, the overall (volume-ensemble averaged) effective moduli for a microcrack-weakened
solid is obtained by adding the elastic compliance §° to (S*):

tomsman,

(S)

8%+ (S} + (§+2) (46)
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In partic!=r, in the case of 3-D linear isotropic elasticity, S° reads

1 —-v —v 0 0 0

) -v 1 -y 0 8 0

0 _ -v —-v 1 0 0
S=Fl0 0 0 2040 0 0 “7)

0 0 O 0 2(1 +v) 0
0 0 0 0 0 2(1 +v)

Itis emphasized that loca! macroscopic constitutive laws for a RVE are recovered by the volume av-
eraging process. However, if one stops at the ensemble averaging level without further performing

the volume averaging process, the constitutive relations are nonlocal.

*
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I11.4. Some numerical examples

In this section, some numerical examples involving aligned microcracks are presented to il-
lustrate the proposed ensemble-volume average approach in three-dimension. In the first example,
effects of microcrack interactions are neglected and the well-known Taylor’s model is recovered.
Subsequently, the proposed second-order microcrack interaction model is implemented. Finally,
we compare the results of the present approach with some existing methods, including the Tay-
lor’s model, the self-consistent method and the differential scheme. Closed (nonactive) microcrack
contributions to compliances are neglected in this work.

IL4.1. Dilute non-interacting aligned microcracks

Let us consider the case in which effects of microcrack interactions are totally neglected. This

can be done by simply dropping the term (S*?) in Eq. (46):

(S) = 8%+ (§"1) (48)

From Eqg. (8), (11), and (44), we obtain

00 0 000
16(1 — v¥)w 0 8 20 §§8 8
ST = bl A ~v
S ==ZE@=»n 100 "0 000 (49)
00 0 020
00 o0 00 2
Combination of Eq. (47) and (49) then yields
S, S, S 0 0 07
s 8% sy 0 o0 O
o _ (S S, Si3 0 0 0
= (50)
®1=1% 0 o0 % o0 o
0 0 0 0 S O
[0 0 0 0 0 3e.

where 1 = rz,2=yy,3 = zz,4 = zy, § = yz, 6 = zz (Voigt’s notation); S?) components are given
in (47), and |
53 =53+5y

Sss = S + Sss (51)
—5-66 = 526 +§;
in which
§u=1a1_ﬁnu
33 = iE (52)
Tl 32(1 — v?) "
BTT€T3EQ-v)
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It is observed that only the three compliance components in Eq. (51) are changed due to the
presence of randomly located, aligned, penny-shaped microcracks. One notes that Eqgs. (50)~(52)
indeed recover the well-known Taylor’s model. Further, the effective constitutive equations belong
to the category of transverse isotropy. This is typical of fiber breaks in unidirectionally reinforced
fiber composites.

IIL4.2. Aligned interacting penny-shaped microcracks

We now focus on the proposed ensemble-volume averaged, pairwise interaction model. For
a given microcrack concentration w, the overall effective moduli in Eq. (46) can be cvaluated by
carrying out the integration in Eq. (36). That is, one needs to perform integration for the matrix K
over the active microcrack domain (¢, , 9). It is emphasized that the values of K decay rapidly
as the distance between a pair of randomly located microcracks increases. Therefore, compliance

contributions due to remote integration region can be neglected.

The integration in Eq. (36) can be effectively computed by the Gauss quadrature scheme with
three indepcndent variables: £, ¢» and 8; see Table 5 for the convergence behavior. Our numerical
experiments show that use of £na; = 20 (OF 7ma: = 20a) is quite acceptable; i.e., contributions
from the £ > 20 domain can be neglected. In Table 5, the minimum radius of integraticn for r
(or £) is assumed to be 7y, = 2a (0r €, = 2). The only nonzero components in (f() are (]?,3),
(];'26) and (1?’35) (the latter two are equal). It is observed that the normal component (12’,3) is much
greater than the shear components {K'5) and {K35). Furthermore, use of 7, = 2a implies that the
minimum allowable distance between any two microcrack-centers is 2a. Therefore, according to
the “face-center cabic” calculation, the maximum allowable w is 1/4v/2 =~ 0.1768 for rp,, = 2a.
Note that the maximum allowable microcrack density would be 0.741 if « is defined as 47 N a®/3V
(Budiansky and O’Connell, 1976).

To achieve higher maximum permissible microcrack densities, various minimum radii of in-
tegration r,,,;, are used to compute (K); see Table 6 for details. The value of £ma- is chosen as
20.0 in Table 6. We observe significant increases in both (K13) and (KA2) as £min decreases. The
maximum microcrack concentration w corresponding to the £min = 1.1a case is found to be 1.0627
(or 4.451 if the definition of Budiansky and O’Connell (1976) is employed). It is emphasized that
Table 6 is not a summary of convergence behavior, but a display of (K) for different maximum

allowable microcrack densities.

82




For convenience, let us define (K3) = k; and (K2) = (Kss) = k. Therefore, according to
Eq. (8) and (44), we obtain

00 0 0 0 0
16(1 - 1?) 88(2 O)I‘c 8 8 0
7S = —V) 2 = vk
B=3a—n“ 00 0 0 0 o0 3
0 0 0 0 2k 0
00 0 0 0 2k

Adding Eq. (53) to (50), we thus arrive at the expression for overall effective compliances with the
second-order microcrack interaction. Apart from the three compliance components {S33), {Sss)
and (Seé), it is seen that all other components are identical to the elastic components. In particular,

the three compliance components which change under microcrack interaction take the following

explicit forms:
S 16(1 — 2 -
(533) = Sg:; + ——(—j-l—g-‘*u—-)- (w + k](.dz)
T o W (54)
{Sss) = ( 66>=555+3_E‘(‘§':_13(w+k2w)

Clearly, the relative weight of the second-order compliance terms (in w?) to the first-order terms
depends on the values of microcrack densities. For dilute (very low) w, the second-order terms are
negligible. By contrast, the compliance contributions are significant for high w values.

I11.4.3. Comparison with some existing methods

The effects of fiber breaks and aligned penny-shaped microcracks on the stiffness of unidirec-
tional fiber composites have been studied extensively in the literature. We refer to Laws and Dvorak
(1987) for an excellent presentation by using the self-consistent method and the differential scheme.
It is noted that, in Laws and Dvorak (1987), the microcrack density is defined as o = 8Na*/V;
i.e., their a is equal to 8. in this paper. The maximum microcrack concentration considered in
Laws and Dvorak (1987) is w = a/8 = 0.125. The macroscopic (overall) material behavior is, not
surp-isingly, transversely isotropic. It should be realized that the Taylor’s model, the self-consistent
method and the differential scheme all belong to the category of “effective medium” approaches.
Namely, theses methods do nor depend on the distributions of microcrack locations at all.

In the following numerical computations, the Young'’s modulus E is taken as 0.5 MPa and the
shear modulus G as 0.2 MPa (v = 0.25) for the virgin matrix material. The overall (ensemble-

volume averaged) longitudinal normal and shear compliances, (S33) and (Sss), are plotted against

the microcrack concentration parameter w in Figures 2 and 3, respectively. The values of £, and k;
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in Eq. (54) are taken as 1.049792 and 0.355988, respectively, which correspond to £min = 1.1 (i.C.,
the maximum allowable density w = 1.0627). Note that, once more, w = 1 corresponds to o = 8
in Laws and Dvorak (1987). For comparison, the results obtained by using the Taylor’s model, the
self-consistent method and the differential scheme are also displayed in Figures 2 and 3. We would
like to comment that: (a) the Taylor’s model is really suitable for dilute microcrack concentrations,
(b) the self-consistent method and the differential scheme are suitable for low or moderate w; and
(c) the proposed statistical pairwise microcrack interaction model is suitable for moderately high
(not extremely high) w.

Figures 4 and 5 show the effects of microcrack density w on the normalized longitudinal
Young’s modulus E; /E and shear modulus G /G for four different models. We have employed

the standard notation: E; = 1/(Ss3) and G = 1/(Sss). In addition, it is straightforward to
express the normalized moduli in Figures 4 and § as follows for the Taylor’s model:

Ep 1 . G 1
E 1450 ° G  1+228571lw (35)
and for the pre~ nt model:
EL _ 1 . G _ 1 (56)
E 1+450(1+1050) ° G 1+228571w(] +0.356w)

84




IILS. A higher-order ensemble-average formulation of microcrack interaction

So far, attention has been focused on the second-order statistical model based on the concept
of pairwise microcrack interaction. In this section, extension to accommodate higher-order in-
teraction mechanism is considered within the ensemble-volume average framework; see also Ju
and Chen (1991) for two-dimensional problems. The proposed higher-order formulation hinges
on the derivation of higher-order (the third or above) corrections on local stress fields (T) due to
n-microcrack interaction (n > 3); see Eq. (9)-(12).

As an illustration, let us consider a three-microcrack (the third-order in w?) interaction mech-
anism within the proposed framewaork. For simplicity, we assume that all microcracks are aligned
and of equal size. Following the definitions and assumptions previously described in Section 2.1,

one can rephrase the local ensemble stress perturbation as (cf. Eq. (9)):

. p p
mei={ )

where (T) is the second-order local ensemble stress perturbation due to pairwise microcrack inter-

11711

actions (see Eq. (9) and (12)), and ('i’) is the third-order local ensemble stress perturbation due to
3-microcrack interactions. In particular, ('i‘) can be expressed as (cf. Eq. (12))

(T) = /_('i")(x;xni’&z)f(n!x;x:)dXz (58)

Here, ('i‘) (x; X1]x3) is the third-order ensemble-average stress perturbation of a microcrack centered
at x, given a microcrack centered at x,, over a subclass of realizations which have a microcrack
centered at X,. Further, f(x2|x; x,) is the conditional probability density function (PDF) for finding a
microcrack centered at x; given two microcracks fixed at x and at x,, respectively. The conditional
PDF f(x2]x;x;) can be further simplified to f(x) by the assumptions of local homogeneity and
reasonable randomness (i.e., statistical independence). The active (open) integration domain =

depends on loading conditions.

For clarity, let us express (T) and (e*)(x) as follows (cf. Eq. (34), (37) and (38), assuming local

homogeneity and reasonavle randomness):
(T) = (T* +T+T) = (Ko+ f0)(K) + 20(K)) - 7 (59

(€700 = {8)0 + (§2)(0) + (SP)0)} - 7 = (§)(x) - 7 (60)
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where T=K. r> and (cf. Eq. (390

16(1 — 12 )
(87 x) = X ”;ﬁ(x)a"g.(m 1)

3FQ2 -v

In Eq. (61), we have defined (K’) = 1/a® (K’). We recall that both K and K are expressed
explicitly in closed-form formulas. Similarly, K’ (or 'i‘) can also be constructed in closed-form as
follows. One starts by expanding Eq. (14) into nine linear equations with j = 1,2, 3. Then, one
obtains expressions similar to Eq. (22), with the understanding that permutations 1-2, 2-3, 3-1 are
involved. Eq. (24) in Sec. 2.2 is modified to include the third microcrack’s contribution to stress
perturbations. Subsequently, Eq. (27) is expanded to a 9 by 9 system with o denoting 2 9 by 9
coefficient matrix. Therefore, we arrive at explicit formulas similar to Eq. (30)~(33); and R, f
can be expressed in closed-form as in the two-microcrack interaction problem. Finally, it is noted
that the computation of (K’) involves integratior. over the downain of all possible positions of two

active neighboring microcracks around a specified penny-shaped microcrack (cf. Eq. (36)).

Following the same procedure presented in Sec. 3, it can be shown that {S**) in Eq. (61) gives
rise to the third-order terms (in «?) to overall compliances due to the third-order microcrack in-
teractions. Therefore, a third-order statistical micromechanical model can actually be constructed.
By repeating the foregoing procedure, we can formulate a complete (though very complicated)

hierarchical family of statistical microcrack theories of arbitrary orders.
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111.6. Conclusions

Based on the concept of ensemble-volume average and pairwise microcrack interaction, an
innovative three-dimensional statistical micromechanical theory is proposed for brittle solids with
many randomly located (but aligned), interacting microcracks. The effects of interaction-induced
stress perturbations and random locations of microcracks are manifested by (T). Approximate ex-
plicit (analytical) interaction solutions for two arbitrarily located, aligned microcracks are given
in detail. Therefore, overall effective moduli of brittle solids with interacting microcracks can be
formally derived on the ground of statistical and micromechanical informations. However, explicit
closed-form solutions to arbitrarily located and arbitrarily oriented microcracks are very involved,
and no reasonably compact explicit forms can be presented within normal page limit. In a forthcom-
ing paper, nonetheless, general microcrack geometry will be fully accommodated through numeri-
cal computations of the “microcrack interacuon matrix” a and the ensemble average approach. In
addition,, it is interesting to note that a physically “nonlocal” description of the material behavior

can be obtained during the ensemble averaging process.

The proposed approach is fundamentally different from existing effective medium methods
which do not depend on locations and configurations of microcracks. Further, the proposed micro-
crack interaction framework does not require the use of Monte Carlo simulations. Some numerical
examples are presented to illustrate the behavior of the proposed model. The resulting predictions
are compared with some existing methods. Finally, a higher-order microcrack interaction formu-
lation is briefly summarized.

The proposed method provides a simple framework to accommodate statistical, micromechan-
ical, and interaction aspects of distributed microcrack arrays. Applications may be made, for ex-
ample, to aligned matrix cracks, fiber breaks, and interlaminar delaminations of brittle composite
materials. Further research will be needed in the future to assess the applicability of the proposed
method to practical engineering problems.

87




10.

11.

12.

11L.7. References

BATCHELOR, G. K., (1970), “The stress system in a suspension of force-free panicles”, J.
Fluid Mech., vol. 41, pp. 545-570.

BATCHELOR, G. K. AND GREEN, J. T., (1972), “The determination of the bulk stress in
a suspension of spherical particles to order ", J. Fluid Mech., vol. 56, part 3, pp. 401
427.

BENVENISTE, Y., (1986), “On the Mori-Tanaka’s method in cracked bodies™, Mech. Res.
Comm., vol. 13, pp. 193-201.

BUDIANSKY, B. AND O'CONNELL, R. J., (1976), “Elastic moduli of a cracked solid”,
Int. J. Solids & Struct., vol. 12, pp. 81-97.

CHEN, H. 5. AND ACRIVOS, A, (1978a), “The solution of the equations of linear elasticity
for an infinite region containing two spherical inclusions”, Int. J. Solids & Strucs.,
vol. 14, pp. 331-348.

CHEN, H. S. AND AcrIvos, A., (1978b), “The effective elastic moduli of composite
materials containing spherical inclusions at non-dilute concentrations”, Int. J. Solids &
Struct., vol. 14, pp. 349-364.

CHEN, T. M. aND Ju, J. W., (1991), “On effective elastic moduli of two-dimensional
brittle solids with interacting microcracks. Part I : Basic formulations”, J. Appl. Mech.,
submitted for publication.

CHRISTENSEN, R. M., (1990), “A critical evaluation for a class of micromechanics mod-
els”, J. Mech. Phys. Solids, vol. 38, no. 3 pp. 379-404.

CHRISTENSEN, R. M. aND Lo, K. H., (1979), “Solutions for effective shear properties in
three phase sphere and cylinder models”, J. Mech. Phys. Solids, vol. 27, pp. 315-330.

Chow, C. L. AND WaNG, J., (1987), “An anisotropic theory of continuum damage
mechanics for brittle fracture”, Eng. Fract. Mech., vol. 27, pp. 547-558.

ERINGEN, A. C. AND EDELEN, D. G. B., (1972), “On nonlocal elasticity”, Int. J. Eng.
Sci., vol. 10, pp. 233-248.

FABRIKANT, V. 1., (1987), “Close interaction of coplanar circular cracks in an elastic
medium”, Acta Mechanica, vol. 67, pp. 39-59.

88




13.

14,

15.

16.

17.

18.

19.

20.

21.

23.

24.

25.

FABRIKANT, V. 1., (1989) “Applications of potential theory in mechanics: a selection of
new results”, Kluwer Academic Publishers, Dordrecht, The Netherlands.

FANELLA, D. AXND KRaJCINOVIC, D., (1988), “A micromechanical model for concrete

in compression™, Eng. Fract. Mech., vol. 29, no. 1, pp. 49-66.

GRross, D., (1982), “Spannungsintensitatsfaktoren von ribsystemen (Stress intensity factors

of systems of cracks)”, Ing.-Arch., vol. 51, pp. 301-310 (in German).

HASHIN, Z. AND SHTRIKMAN, S., (1962), “On some variational principles in anisotropic

» and nonhomogeneous elasticity”, J. Mech. Phys. Solids, vol. 10, pp. 335-342.

HASHIN, Z. AND SHTRIKMAN. S., (1963), “A variational approach to the theory of the
elastic behavior of muldphase materials”, J. Mech. Phys. Solids, vol. 11, pp. 127-140.

HasHIN, Z., (1988), “The differential scheme and its application to cracked materials”, J.
Mech. Phys. Solids, vol. 36, pp. 719-734.

HiLr, R., (1965), “A self-consistent mechanics of composite materials™, J. Mech. Phys.
Solids, vol. 13, pp. 213-222.

HincH. E. J., (1977), “An averaged-equation approach to particle interactions in a fluid
suspension”, J. Fluid Mech., vol. 83, pp. 695-720.

HoRi, M. AND NEMAT-NASSER, S., (1987), “Interacting micro-cracks near the tip in the

process zone of a macro-crack”, J. Mech. Phys. Solids, vol. 35, pp. 601-629.

Honrii, H. AND NEMAT-NASSER, S., (1983), “Overall moduli of solids with microcracks:
load-induced anisotropy”, J. Mech. Phys. Solids, vol. 331, pp. 155-171.

HoRIl, H. AND NEMAT-NASSER, S., (1985), “Elastic fields of interacting inhomogeneities™,
Int. J. Solids & Struct., vol. 21, pp. 731-745.

Horil, H. AND SAHASAKMONTRI, K., ( 1990), “Mechanical properties of cracked solids:
validity of the self-consistent method™, in Micromechanics and Inhomogeneity, ed. by
G. J. Weng, M. Taya and H. Abe, pp. 137-159, Springer-Verlag, New York.

Hupsox, J. A., (1980), “Overall properties of a cracked solid”, Math. Proc. Camb. Phil.
Soc., vol. 88, pp. 371-384.

89




26.

27.

28.

29.

30.

31.

32.

33.

34

35.

36.

37.

HupsoN. J. A., (1981), “Wave speeds and attenuation of elastic waves in material contain-
ing cracks”, Geophys. J. R. astr. Soc., vol. 64, pp. 133-150.

Hupsoxn, J. A., (1986), “A higher order approximation to the wave propagation constants
for a cracked solid”, Geophys. J. R. astr. Soc., vol. 87, pp. 265-274.

Ju, J. W., (1989a), “On energy-based coupled elastoplastic damage theories: constitutive
modeling and computational aspects”, Inz. J. Solids & Struct., vol. 25, no. 7, pp. 803
833.

Ju, J. W., (1989b), “On energy-based coupled elastoplastic damage models at finite strains”’,
J. Eng. Mech., ASCE, vol. 115, no. 11, pp. 2507-2525.

Ju, J. W., (1991a), “On two-dimensional self-consistent micromechanical damage models
for brittle solids™, Ins. J. Solids & Struct., vol. 27, no. 2, pp. 227-258.

Ju, J. W., (1991b), “A micromechanical damage model for uniaxially reinforced compos-
ites weakened by interfacial arc microcracks™, J. Appl. Mech., ASME, vol. 58, no. 3,
Sept. 1991.

Ju, J. W. aND CHEN, T. M., (1991), “On effective elastic moduli of two-dimensional
brittle solids with interacting microcracks. Part II : Evolutionary damage models™, J.
Appl. Mech., submitted for publication.

Ju, J. W. aNp LEE, X., (1991), “On three-dimensional self-consistent micromechanical
damage models for brittle solids. Part I: Tensile loadings”, J. Eng. Mech., ASCE,
vol. 117, no. 7, pp. 1495-1515.

KACHANOV, M., (1985), “A simple technique of stress analysis in elastic solids with many
cracks”, Int. J. Fract., vol. 28, pp. R11-R19.

KacHANOV, M., (1987), “Elastic solids with many cracks: a simple method of analysis”,
Int J. Solids & Struct., vol. 23, pp. 23-43.

KACHANOV, M. AND MONTAGUT, E., (1986), “Interaction of a crack with certain micro-
crack arrays”, Eng. Fracture Mech., vol. 25, pp. 625-636.

KACHANOV, M. AND LAURES, J.-P., (1989), “Three-dimensional problems of strongly
interacting arbitrarily located penny-shaped cracks™, /nt. J. of Fract., vol. 41, pp. 289
313.

90




38.

39.

41,

42.

43.

45.

46.

47.

48.

49.

KRraiciNovic, D, (1989), “Damage mechanics”, Mech. Mater., vol. 8, no. 2-3 (Dec. 1989),
pp- 117-197.

KRrajciNovic, D. AxD FANELLA, D., (1986), “A micromechanical damage model for
concrete”, Eng. Fract. Mech., vol. 25, pp. 585-596.

KrajciNovic, D. AND SuMARAcC, D., (1989), “A mesomechanical model for brittle
deformation processes: Part 1", J. Appl. Mech., vol. 56, pp. S1-62.

LAURES, J.-P. AND KACHANOV, M., (1991), “Three-dimensional interactions of a crack

« front with arrays of penny shaped microcracks”, Int. J. Fract., to appear.

Laws, N., Dvorak, G. J. AND HEJAzI, M., (1983), “Stiffness changes in unidirectional
composites caused by crack systems”, Mech. of Mater., vol. 2, pp. 123-137.

LAaws, N. AND DvoRrak, G. J., (1987), “The effect of fiber breaks and aligned penny-
shaped cracks on the stiffness and energy release rates in unidirectional composites”,
Int. J. Solids & Struct., vol. 23, no. 9, pp. 1269-1283.

LEg, X. AND Ju, J. W, (1991), “On three-dimensional self-consistent micromechanical
damage models for brittle solids. Part II: Compressive loadings”, J. Eng. Mech., ASCE,
vol. 117, no. 7, pp. 1516-1537.

McLAUGHLIN, R., (1977), “A study of the differential scheme for composite materials™,
Int. J. Engng. Sci., vol. 15, pp. 237-244.

MONTAGUT, E. AND KACHANOV, M., (1988), “On modeling a microcracked zone by
weakened elastic material and on statistical aspects of crack-microcrack interactions”,
Int. J. Fract., vol. 37. R55-R62.

Mori, T. AND TANAKA, K., (1973), “Average stress in matrix and average elastic energy
of materials with misfitting inclusions”, Acta Metallurgica, vol. 21, pp. 571-574.

NEMAT-NASSER, S. AND Hori, M., (1990), “Elastic solids with microdefects”, in Mi-
cromechanics and Inhomogeneity, pp. 297-320, ed. by G. J. Weng, M. Taya and H.
Abe, Springer-Verlag, New York.

RoscoE, R. A., (1952), “The viscosity of suspensions of rigid spheres”, Brir. J. Appl.
Phys., vol. 3, pp. 267-269.

91




50.

S1.

52.

34,

55.

56.

57.

Roscoe, R. A., (1973), “Isotropic comnnsites with elastic or viscoelastic phases: gen-
eral bounds for the moduli and solutions for special geometries™, Rheol. Acta, vol. 12,
pp. 404411.

SAYERS, C. M. AND KACHANOV, M., (1991), “A simple technique for finding effective
elastic constants of cracked solids for arbitrary crack orientation statistics”, Int. J. Solids
& Struct., vol. 27, no. 6, pp. 671-680.

SUMARAC, D. AND KRAJcINOVIC, D., (1987), “A self-consistent model for microcrack-
weakened solids”, Mech. Mater., vol. 6, pp. 39-52.

>

SUMARAC, D. anND Krajicinovic, D., (1989), “A mesomechanical model for brittle
deformation processes: part I1”, J. Appl. Mech., vol. 56, pp. 57-62.

WENG, G. J., (1990), “The theoretical connection between Mori-Tanaka’s theory and the
Hashin-Shtrikman-Walpole bounds”, /nt. J. Engng. Sci., vol. 28, no. 11, pp. 1111-1120.

WiLLis, J. R., (1977). “Bounds and self-consistent estimates for the overall properties of
anisotropic composites”, J. Mech. Phys. Solids, vol. 25, pp. 185-202.

WiLLis, J. R. AND AcTON, J. R., (1976), “The overall elastic moduli of a dilute sus-
pension of spheres™, Quart. J. Mech. Appl. Math., vol. 29, part 2, pp. 163-177.

ZHAO, Y. H., Tanxpon, G. P. AND WENG, G. J., (1989), “Elastic moduli for a class
of porous materials”, Acta Mechanica, vol. 76, pp. 105-130.

92




Table 1. Two equal-sized coplanar microcracks under normal loading (v = 0.2F)

1/2a Present Kachanov Difference(%)

1.00025 1.0354 1.0837 4.46

1.005 1.0348 1.0779 4.00

1.05 1.0296 1.0529 221

. 1.1 1.0251 1.0398 1.41
1.15 1.0215 1.0315 0.97

1.25 1.0161 1.0214 0.52

1.5 1.0088 1.0104 0.16

20 1.0035 1.0038 0.03

25 1.0018 1.0019 0.01
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Table 2. Two equal-sized coplanar microcracks under shear loading (» = 0.5)

l/2a  Present Kachanov Difference(%)

1.005 1.0681 1.1017 3.05
1.05 1.0580 1.0703 1.15
1.25 1.0317 1.0292 0.24

1.5 1.0174 1.0144 0.30
1.75  1.0106 1.0084 0.22
20 1.0070 1.0054 0.16
25 1.0035 1.0026 0.09
35 1.0013 1.0006 0.07
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Table 3. Two equal-sized stacked microcracks under normal loading (v = 0.25)

[/2a Present Kachanov Difference(%)
0.05 0.5004 0.5583 10.37
0.25 0.5383 0.6689 19.52
0.35 0.5836 0.7158 18.47
N 0.5 0.6667 0.7777 14.27
0.75 0.7928 0.8562 7.40
1.0  0.8754 0.9073 352
1.5 0.9505 0.9588 0.87
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Table 4. Two equal-sized stacked microcracks under shear loading (v = 9.25)

[/2a Present Kachanov Difference(%)

0.05 0.5549 0.6613 16.09

0.25 0.8214 0.8886 7.56
0.5 1.0002 0.9837 1.68

075 1.0233 1.0053 1.79
1.0 10180 1.0084 0.95
.25 1.0120 1.0072 0.48
1.5 1.0080 1.0055 0.25
20 1.0039 1.0031 0.08
25 1.0021 1.0026 0.05
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Table 5. Convergence behavior of (K) vs. £maz (given £ = 2)

{mat = rmur/a (R’D) (R’%) = ([;’35)

4.0 0.150807 0.059503
6.0 0.168554 0.066656

8.0 0.173029 0.068467
10.0 C.174644 0.069121
200 0.176139 0.069728
400 0.176327 0.069804
800 0.176351 0.069828
160.0 0.176354 0.069829
3200 0.176354 0.069829
640.0 0.176354 0.069829
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Table 6. Numerical integration of (K) for different &,,,. (given &, = 20)

-

bmin =Tminfa  {R13)  (Rz) = (Ras)
2.0 0.176139 0.069728
1.75 0.305726 0.105974
1.5 0.601154 0.195689
1.25 0.850189 0.281202
1.125 0.975302 0.327491
1.1 1.049792 0.355988
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IIL8. Appendix I: Parameters for Eq. (22)

The parameters b,, ¢; and d, in Eq. (22) can be shown to be:

2
b = 2 [(1 +2w)k + 9-2—"2]
T 92
2 2 22
by = <ag; |(1 - 2v)k; + —k3| cos 2¢
n g2
2
. by = 2 [kx - E—kz]
4 92 (62)
2 22
by = —ag§ [(l —20)k; + ——k;} sin2¢
T g2
2
bs = -—;zgzgska sin ¢
2
bs = —;Zgzgsh cos ¢
¢ = ficos ¢
¢y = f4€0s ¢+ fscos 3¢ + fe(cos ¢ +cos3¢)
c3 = fasin 6 + fssin3¢ + fe(sin 36 + sin @) @)
Cq4 = —2f6 cos ¢
cs = f1+ fycos2¢
Cg = fg sin 20
dy = fysing
dy = —fysing + fssin 3¢ + fe(sin 3¢ — sin @)
dy = fycos ¢ — fscos 3¢ + fs(cos ¢ — cos 3¢) )
dy = —2f¢sin ¢
ds = fgsin2¢

ds = f1 ~ fgcos2¢




where

__ 8
T x@2-v)

_ 8(1 —v)
fa= 12 - v)
fs=

2
fo= (2 - v)
2 1
f1= (k1+2 Zglkz)

T -V

fr

ags fi

I 2
e V)ngfzg4

29293ks

fs= givafy + zgik3)

2
7(2 —v)

g1 = (@ — B

ky = af; — sin~'(gq)

[-2(1 +v)ags fi + zg293k4]

_ If +a*(2a% + 222 - 3p%)

ky 3
95
a*(61 — 213 + p*) - 513
ky = 5
g5
a*(4l3 — 5pt) + 1}
k4 = 3
gs
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Figure §.

IIL9. Figure captions

Coordinate systems for two microcracks.

Comparison of overall longitudinal normal compliance (.533).
Comparison of overall longitudinal shear compliance {Sss).

Comparison of normalized longitudinal Young’s modulus.

Comparison of normalized longitudinal shear modulus.
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PART IV
An Improved Two-Dimensional Micromechanical Theory for

Brittle Solids with Randomly Located Interacting Microcracks

IV.0. Abstract

This paper presents applications of accurate orthogonal function approximation methods to
the two-dimensional problems of brittle solids containing randomly located and interacting mi-
crocracks within the framework of rigorous micromechanics and (probabilistic) ensemble average
approach. The random two-crack interaction problems are solved by the highly accurate Legen-
dre and Tchebycheff orthogonal polynomials to any desired orders. The complex stress potential
method is subsequently employed to micromechanically derive microcrack opening displacements
under complex loadings due to microcrack interaction effects — including concentrated loadings,
arbitrary loadings and polynomial loadings. Improved local ensemble-averaged and overall effec-
tive elastic compliances due to microcracks and their interactions are systematically constructed
by using the pairwise microcrack interaction mechanism and the ensemble average approach. A
number of interesting analytical-numerical examples containing different random microcrack con-

figurations are also presented to illustrate the capabilities of the proposed framework.
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IV.1. Introduction

The effects of microcrack interactions on overall elastic moduli of brittle solids have been in-
vestigated by many researchers in the solid mechanics community. Among others, Ju and Chen
(1991a,b) and Ju and Tseng (1992a) proposed two-dimensional and three-dimensional statistical
micromechanical damage models to estimate effective elastic moduli of brittle solids containing
many randomly dispersed and interacting microcracks. In particular, statistical aspects and micro-
crack interactions are explicitly accounted for. Based on a simplified stress interaction formulation,
analytical closed-form solutions of microcrack interactions are derived by Ju and Chen (1991a) and
Ju and Tseng (1992a) at the expense of some accuracy in local stresses. Gross (1982) and Horii
and Nemat-Nasser (1985) proposed some asymptotic models for microcrack interaction problems.
Embedded in their models is the restriction that microcracks are not too close to one another. On
the other hand, accurate numerical, deterministic stress interaction approximations were introduced
by Kachanov (1987) and Benveniste et al. (1989). Explicit analytical forms are not available in
their models; however, higher accuracy in deterministic local stresses is achieved and stronger

microcrack interactions are made possible.

In this study, numerical orthogonal function approximations are employed to improve the accu-
racy of local stresses of microcrack interactions and therefore the accuracy of the overall ensemble
averaged effective elastic moduli. In Section 2 of this paper, orthogonal function approximations
are applied to solve the arbitrary (probabilistic) local two-microcrack interaction problems. In
particular, Legendre and Tchebycheff polynomial families are implemented to assess their effec-
tiveness. Other approximation methods are discussed and compared with the orthogonal function
approximation method in Section 4. Applications of complex stress potentials on microcrack inter-
action problems are discussed in Section 4. Stress potentials for concentrated loading conditions are
integrated for arbitrary loading cases. Microcrack opening displacements and strains for polyno-
mial loadings of any arbitrary order are also presented. In Section 5, overall effective elastic moduli
are derived by taking the ensemble-volume averages in the probability space over all possible mi-
crocrack realizations. Finally, some numerical examples are presented to illustrate the proposed
theory in Section 6.
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TV 2. Orthogonal function approximations of two-crack interaction problems
IV.2.1. Two-crack interaction problems

The problem of two interacting microcracks embedded in an elastic solid ioaded by far field
stress o> has been studied by various methods in the literature. In particular, 0™ = (0%, 0y, a;;)T

in two-dimension; see Figure 1 for a schematic plot of coordinate systems.

Let p and g denote the local normal and shear tractions on the surface of a microcrack, respec-
tively. A system of equations for the tractions on two arbitrary, interacting microcracks can be set
up by decomposing the original problem into three subproblems. The boundary conditions that

microcrack surfaces are traction-free lead to

pi(z1) = py° + pi(xy) ; qi(x1) = ¢7° + qi(zy) 0
pa(x2) = p3° + pa(2) ; q2{z2) = ¢3° + q2{z2)

where z; and z; are local horizontal coordinates alor.g the microcrack lines. Further, subscripts 1
and 2 denote microcrack 1 and microcrack 2, respectively. Local tractions due to far field loading
only are p™ and ¢*. Traction perturbation due to inter-crack interactions only are denoted by
(P1, 1, P2, G2). Assuming that a; and a; are the half-lengths of the two microcracks, respectively,
Eq. (1) are valid for —a; < r; < @, and —a; < 73 < a3. Following Kachanov (1987), Benveniste
et al. (1989) and Ju and Chen (1991a), it is assurr2d further that microcracks do not intersect each

other arbitrarily.

Following Benveniste et al. (1989), we let P.(z),n =0,1.2,..., N denote a family of orthogo-
nal functions defined in {— 1, 1]. The tractions p;(z}), ¢1(z1), p2(x2), and g2(z2) can be approximated

by the base function set as:

N N
I
p(m) =) piP, (z—:) ;e =Y qP. (;’)
n=0 n=0
N 22 N -
pAz) =) piP, (—) D @) =) g¢P (—)
n=0 a2 n=0 @2

Accordingly, the perturbed tractions, p,(z}), §i(1}), p2(z2), and §(x2) are linear combinations of
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perturbations on one crzck when the other crack is loaded by the base functions:

N
pu(zy) = ZPE’ E 2™ (z)) + Z g F,2X(z))

@i(z) = Zp Fl2M(2y) + Zq F12(zy)

3)
Pa(zy) = Z P2 (z,) + Z gp F2)(z,)
n=0
. N
Ga(xa) = Z P?F:,}(")(Iz) + Z anZI(n)(xz)
n=0
where
F;:F(") = normal traction on crack a due to normal looding P, (%—) on crack 8
F;f(") = normel iraction on crack a due to shear loading P, (Z—a) on ¢« ack B8
: @)
F;'G(n) = shear fraction on crack a due to normal loading P, (f) on crack B
F"‘G(") shear traction on crack a due to shear loading P, (-:l:—") on crack f
Substituting Eq. (2) and Eq. (3) into Eq. (1), we obtain
ZP ( ) =p +Zp§F'2(")(I;)+Zq"F’u")(:r1)
=g+ Zpi‘F”‘"’(z:) + Lq Fl2m(g,)
&)

~

!l

(2) =pd+ z P?Fzg(")(l'z) + Z g FZl(n)(xz)

I n n
2 % 4 Z p';FZl(n)(l'z) + Z q" quq‘( Nz3)
n=0

Z‘I;Pn

2

The property of orthogonality of P, is then applied to arrive at the following system of equa-
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N
_I__’_ ﬂ no_ oc lZ(n) f_}_ n
(P"(m)’P"(m))upl (m-Pn( )) +§( (m,P,,(al))uw

(Fqu(n)(r,) P, (01)) ‘p5‘+

n=0 (6}

TN
30
N
QIH
~N ~
N’
lU
N
R s
N’
N’

[
A
fl
TN
Sy
3o
/\
o .
\_/
\__/
+
3
&l\’]’
TN

F2™(zy), P, ( )) pi+
az w

N
Z(Fg;m(xz) P, ( )) o forn=01.2 .. N

w

in which (£, g)., denotes the weighted norm of f and g.

All the norms in Eq. (6) are simple constants after carrying out the integrations. The system
of 4(N + 1) equations is sufficient to solve for the 4(N + 1) unknowns, Pi. 41, p3, and ¢3. In the
case of N = 4, there are 20 equations in terms of 20 unknowns. For more accurate solutions, the

number /N can be increased.

The total tractions accounting for microcrack interactions are obtained by substituting the
solved unknowns back into Eq. (2). However, another choice exists as we look at Eq. (3). That is,
in addition to the left-hand side of Eq. (2), the right-hand side provides another (better) approxima-
tion [Benveniste et al. (1989)]. The difference between these two choices is that, with the former
choice, tractions on each crack are solved directly from the system of equations while for the latter
tractions on one crack are the sum of tractions due to the far field applied loadings and the pertur-
bations induced by the interaction with the other crack. This stress perturbation is the amount of
tractions on one crack while the other crack is loaded by the total tractions. In another words, the
total tractions solved from Eq. (6) are projected onto the other crack. This process is embedded
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in Eq. (3). Stress projections are equivalent to the evaluarinnc of those innuence functions, F;,,ﬁ .

o o aid
qu . qu ,and qu .

IV.2.2. Legendre and Tchebycheff polynomials

Among the orthogonal function sets, Legendre and Tchebycheff polynomials are widely used
in various applications. Both polynomials are tested in this study. The definitions of Legendre

Polynomials are
1 &

2nn! dxn

Lo(z)=0, Lu(z)= [(z* - 1) W)

with the following orthogonal property

®

5;%, forn =j
(an Lj)wz, =

0, otherwise
The weighting function for Legendre polynomials is w; (z) = 1. The system of equations for two-
crack interaction with the application of Legendre polynomials is as follows

2a; 3 12(n) o n - 12(n) 1 n
ml’x—g(ﬂp (1), L, - pz—z F7 (@), Le . ')

n=0
=2a,p{°bno, forn=0,1,2,...N
2a N I N zy
1 n 12(n) 1 n 12n) i} n
v $ (s (2)) -5 (o ()

= 20197 6n0, forn=0,1,2,...N )

N N
Z 21(n) T2 n Z 21(n) T2 n 2a;
— (Fpp (:l.‘z),Ln (-—-—az)) Py — 2 (qu (12), Ln (—a2)> q + ———-—-*zn " lpz

n=()
= 20,p5°600, forn=0,1,2,..,N

N N
- 21(n) z2 n 21(n) I2 n, 202 ,
% (Fq,, (z2), L, (Z)) P — g (qu (22), L, (az)) N +5—7%

= 2a3¢5 bno, forn=0,1,2,...N

where §;; = 0 for : = j and 0, otherwise.

On the other hand, the triangle family of orthogonal polynomials, Tchebycheff polynomials, is

defined as
To(z) =1, Ti(zx)==x

(10)
Ton(z) = 22T, (z) - Tn—l(x)
with the orthogonal property
n, fort=3=0
(T Ty = { 7, fori=;540 an
0, otherwise
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The weighting function for Tebycheff family is wr(z) = (1 — 2%)~!/2. If this family is applied, we
have the following equations for the two-crack interaction problem:

N N
AL o 12n) I n 12%n) k. n
2 -6n0pl - Z (FPP (Il)’ Tn (;‘;))wr P2 Z (F (Il)y (al))qu

n=0 n=0
= wa;pybno, forn=0,1,2,..., N

renn(3)) 4
2)) -3 (oenn (2))_s

= 7a)q;°6n0,forn =0,1,2,..., N

N
_ 21(n) T2 21(n) I2 n, TG o
3 (o (2)) -3 (5 1(3)). 6%

N
2 - 6n0ql z (qu (1. ) T

n=0

= mazp3éno.forn=0,1,2,...,.N

N N
_ 21(n) z2 21(n) n Ta; o«
> (qu (22),Tn (02 ) (F (z2), T, (az))wr i w a

n=0

= 7a3¢5°6n0,forn =0,1,2,..., N 2

Due to the fact that base functions of Legendre and Tchebycheff approximations are polynomi-
als, if no stress projection is performed, the tractions obtained by solving either Eq. (9) or Eq. (12)
and substituting the coefficients into Eq. (2) can be rearranged by collecting the terms of the same
power of z.

pi(z1) =py° +Z7’1 (01) ; q(z1) = ¢° +ZQ"( x)
p2(z2) = py° +27’2 (;) ; qz(:cz)=q§°+}:Q£‘ (g)
n=0

Tractions with the operations of stress projection are similarly obtained by the right-hand side of

Eq. (5).

(13)

N
pi(zy) = pf° + Z PF2N )+ Q3 Fpr 1)
n=0

N
Q) =g + Z PFE @) + ) QF " )

N
pa(z2) = p3° + Z PrFAN(z3) + Y Q1 F Mz
n=0

N
(1) = g5° + Z PRFL™(zy) + ) Q1 F 5 ™a2)
n=0

n=0
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in which influence functions are similar to those defined in Eq. (4)

n
. i z
f:pﬁ(“) = normal traction on crack a due to normal loading (-f-) on crack
a

[=3
. . .\
f;a(") = normal traction on crack a due to shear loading (—3) on crack
a
“n (15)
. . x
f:f(") = shear traction on crack a due to normal loading (—°) on crack j
ao
n
. . z
f;ﬁ(“) = shear traction on crack a due to shear loading (—3-) on crack
a

IV.2.3. Comparisons of Legendre and Tchebycheff approximations

Both Legendre and Tchebycheff approximations employ polynomials as the base functions.
They are both orthogonal and have the same symmetry property:

Lo(@)=(-1)"Pu(~=2) ; Tu(a)=(-1)"Ta(-2) (16)

The leading orders of the n** functions, L, (z) and T,(z), are both equal to n. The shapes of base
functions of the same order are quite similar. Weighting functions are, perhaps, the most noticeable
difference. For the Legendre family, the weighting function is simply 1. The weighting function
for the Tchebycheff family is singular at the two crack tips.

To compare the effectiveness of two approximation function sets on the problem of two-crack
interaction, let us consider the stress intensity factors (SIF) at crack tips. For Mode I loadings,
SIFs at both crack tips can be calculated by integrating over the crack line on the product of total
traction p(z) and the SIF for a unit concentrated normal loading [Tada et al. (1973)}:

xi:\/‘ﬁ/ ,/Zi:pa)di amn

For the cases in which p(z) are simple polynomiais, analytical SIF can be obtained. Assuming that

p(z) = (-“;)", it can be shown that [by carrying out the integration in Eq. (17)]
K{®™ = "V/ra (18)

where ¢" is a simple constant which can be easily calculated by symbolic mathematical softwares
like MAPLE, MATHEMATICA, or MACSYMA for any number of n. Manuals for these softwares
are provided in the reference. Table 1 shows c™ for n ranging from 0 to 8. The authors like to point

out that the applications of symbolic computation softwares in various research fields are becoming
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Table 1. Constants for SIFs of polynomial loadings

n O | 1 (213 (4] 5 |6 7 |8

n 1 3 3 5 35 35
C 1 :i: 3 :!:'g K + 16 S5 58

128 128

a4 L
ok
=~

popular as the capability of computers improved by the modern technology. loakimidis (1990)
applied these power tools to the crack problems in fracture mechanics. More references about the
so-called semi-analytical/numerical (SAN) method can be found in loakimidis (1992) in which
the numerical and symboiic computations are combined to solve the singular integral equations

commonly found in fracture mechanics.
L 3

These simple results are applicable to the problems of solving crack tip SIFs for two-crack
interaction without stress projection. Combining Eq. (13), Eq. (17), and Eq. (18), SIFs of the two
microcracks can be expressed by simple summations on the coefficients solved from the system of
equations

N N
KiM =K, 1+Y P)) 1 KM =K, 1+ P} 19
n=0
where the SIFs for non-interacting case are defined by

=p°Vra = p3’VTa (20)
Table 2. Comparison of normalized SIFs for two interacting collinear cracks
Inner tip Outer tip
k Exact Legendre | Tchebycheff Exact | Legendre | Tchebycheff
09 1.0004 1.0004 1.0004 1.0003 1.0003 1.0003
0.75 1.0028 1.0028 1.0028 1.0024 1.0024 1.0024
0.5 1.0176 1.0176 1.0176 1.0125 1.0125 1.0125
025 1.0804 1.0804 1.0804 1.0409 1.0410 1.0409
0.2 1.1125 1.1124 1.1125 1.0517 1.0517 1.0517
0.1 1.2551 1.2539 1.2551 1.0863 1.0870 1.0863
0.05 1.4729 1.4650 1.4733 1.1198 1.1229 1.1198
0.02 1.9046 1.8593 1.9132 1.1589 1.1727 1.1595
0.01 2.3716 22475 2.4201 1.1841 1.2149 1.1864
0.001 5.3947 4.0501 10.6993 1.2443 1.4029 1.3654
0.0001 13.3456 6.0830 -4.7501 1.2808 1.6190 1.0973
10-¢ 93.0293 | 7.9860 -1.2083 13212 | 1.8234 1.1646
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Tables 2, 3, and 4 show the comparisons of crack tip SIFs for the three cases depicted in
Figure 2. Since the two microcracks are paralle! to each other in all the three cases, SIFs of both
microcracks are identical. The non-interacting SIF, Ky, is used to normalize all SIFs in the three
tables. Normalized SIFs in Table 2 are always greater than one. This is in agreement with the
physical observation since two collinear cracks intuitively enhance the tractions for each other. On
the contrary, two stacked cracks act against each other from opening the crack lines and therefore
SIFs given in Table 3 are all less than one.

Table 3. Comparison of normalized SIFs for two stacked cracks

. Inner/Outer tip

r/a Legendre Tchebycheff

100 1.000 1.000

10 0.986 0.986

5 0.951 0.951

2 0.843 0.843

1 0.774 0.788

04 0.772 0.721

0.2 0.677 0.696

0.1 0.628 0.674

0.05 0.588 0.654

0.01 0.535 0.620

0.005 0.524 0.610

0.001 0.506 0.596

Note that SIFs at the two crack tips for stacked cases are identical. Both Legendre and Tcheby-
cheff family lead to very close results in the stacked cases even when the distance between the two
crack is very small. For the third (aligned) case in Table 4, significant differences are observed only
at the inner tips when the two cracks are very close to each other. Exact solutions given by Erdogan
(1962) are included in Table 2 for comparison for the first case in which two cracks are collinear.
Table 1 shows that if the cracks are very close, Legendre family still works well while Tcheby-
cheff family results in negative SIFs at the inner tips which are actually unreasonable. Both sets
yield nearly identical results if two cracks are far away from each other. It is interesting to observe
that except those unreasonable results, Tchebycheff method tends to over-estimate the interaction
effect. Consequently, SIFs at the inner tips calculated through Tchebycheff method are larger than
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the exact values. On the contrary, the interaction effects are under-estimated by the Legendre ap-
proximation and the inner-tip SIFs are less than the exact ones. Table 2 also shows that if the two
collinear crack are not too close, k£ > 0.01 for example, Tchebycheff method appears to be a betier
approximation to the exact solution than the Legendre method though the approximation by the
later is actually quite close to the exact result. However, in the cases which two collinear cracks
are extremely close, Legendre method seems to be a better choice since the Tchebycheff method
behaves unreasonably. One possible reason for the poor approximation of Tchebycheff family at
extremely close distance is the singularities at both crack tips. In the collinear cases, tractions at the
inner crack tips rise sharply as the distance between the two cracks decreases. This fast growth is
amplified by the weighting function which is singular at crack tips. The comparisons above show
that Legendre family is a more robust choice for the crack problems especially when cracks are

very close and collinear.

Tabled4. Comparison of normalized SIFs for two aligned cracks

Inner tip Outer tip

r/a Legendre Tchebycheff Legendre Tchebycheff
100 1.000 1.000 1.000 1.000
10 1.004 1.004 1.005 1.005
5 1.010 1.010 1.020 1.020
2 0.847 0.847 1.078 1.077
1 0.481 0478 1.087 1.091
04 0.234 0.235 1.050 1.044
0.2 0.180 0.183 1.016 1.011
0.1 0.152 0.168 0.986 0.990
0.05 0.135 0.162 0.964 0.977
0.01 0.115 0.158 0.936 0.962
0.005 0.113 0.160 0.931 0.959
0.001 0.126 0.162 0.932 0.955

Table 5 compares the crack-tip SIFs calculated by fourth order Legendre approximation method
with and without the stress projection. The two interacting cracks are collinear as in the first case
of Figure 2. The numerical experiments show that the stress projection is not important if the two
cracks are not very close. In Table §, SIFs with and without stress projection are quite close for k

greater or equal to 0.01. However, when the two cracks are extremely close, the operation of stress
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projection appears to be necessary if the accuracy is concerned. The approximated SIFs are much
improved toward the exact solution for the cases of k = 0.001,0.0001, and 10~° in which cracks

are extremely close.

Table 5. Comparison of normalized SIFs for two interacting collinear cracks
by the fourth order Legendre approximation with and without stress projection.

Inner tip Outer tip
Exact No Exact Exact No Exact
k Solution | Projection | Projection Solution | Projection | Projection

0.9 1.0004 1.0004 1.0004 1.0003 1.0003 1.0003
075 1.0028 | 1.0028 1.0028 1.0024 1.0024 1.0024
0.5 1.0176 1.0176 1.0176 1.0125 1.0125 1.0125
0.25 1.0804 1.0804 1.0804 1.0409 1.0410 1.0409
0.2 1.1125 1.1124 1.1125 1.0517 1.0517 1.0517
0.1 1.2551 1.2539 1.2551 1.0863 1.0870 1.0863
0.05 1.4729 1.4650 1.4733 1.1198 1.1229 1.1198
0.02 1.9046 1.8593 1.9093 1.1589 1.1727 1.1595
0.01 2.3716 2.2475 2.3899 1.1841 1.2149 1.1858
0.001 5.3947 4,0501 5.5333 1.2443 1.4029 1.2614
0.0001 13.3456 6.0830 11.6430 1.2808 1.6190 1.3244
10-¢ 93.0293 7.9860 26.3239 1.3212 1.8234 1.3785
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IV.3. Other approximation methods
IV.3.1. The zeroth-order approximations

Several approximation techniques have been proposed in the literature to solve Eq. (1). For
example, Ju and Chen (1991),for simplicity, expanded the traction functions in terms of polyno-
mials with respect to the center of microcracks, and (for computational simplicity only) took only
the zeroth-order terms which were constants for specified microcrack locations and orientations.
Therefore, Eq. (1) can be recast as

=" +h
? Q=qr +a
’ @1
P=py +h
=9 +&
By employing Sneddon and Lowengrub (1969) solutions, Ju and Chen (1991) obtained approxi-
mate, analytical solutions
b 8 8 a @] (m
a \ _ Q3 04 N
7 |as a6 0 0| )p 22)
& a; ag 0 O ®

Definitions for o;’s can be found in the Appendix of Ju and Chen (1991).

For compactness, let us define T1_; = (p1, 1, P2, )7, T, = 05, 4%, p5°, ¢°) ,and Ty 2 =
(1, G1, P2, @)7. Therefore, Eq. (21) and Eq. (22) are rewritten in matrix and vectorial forms

T1_2 = T(,x_’z + T]..z (23)

Tn-z =a- T\,
where a denotes the 4 by 4 matrix in Eq. (22). The perturbed tractions due to two-microcrack
interaction are solved from Eq. (23)

Tia=a - d-a™ TR, (24)

Definition of K;_; = o - (I — «)~! and transformation of the far field loading o> into the local
microcrack coordinates then render

Ti2=K_2- G20 (25)
where
sin? 0 cos® 8 ~sin26
—31sin26 3 sin20 cos 26

Gl_z = (26)

sini(ﬂ +¢) cos’(@+¢) —sin2(6 +¢)
-1sin2(0+¢) 3sin2(6+¢) cos2(0 +¢)
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Moreover, we define Ty = (5 4,)7 and T2 = (5, &)7. Therefore, Eq. (25) can be rephrased for
two microcracks as follows
T] ‘—’K] 'G]_z-O'OO (27)

Tz = Kz . Gl-—2 ' dad (28)
where K, contains the first two rows of K;_, and K; the last two rows.

In addition to the aforementioned zeroth-order polynomial expansion at microcrack centers,
Kachanov (1985, 1987) proposed a more accurate approximation which also led to a system of
equationg in terms of some constants. Eq. (1) are first averaged over the microcrack lines. In
essence, traction perturbations on one microcrack due to the interaction with another microcrack
loaded by an averagec traction are averaged over the microcrack line. Accordingly, the following
system of equations can be obtained (Kachanov, 1985)

Pi=pr +AR R+ AL G

T =g +AL P+ A G 9)

Pa=pr + AP+ AN T

D= +A P+ AN T
For a given deterministic microcrack configuration, transmission factors A{‘J‘ must be computed
by numerical integrations. With pre-computed transmission factors, Eq. (29) become a system of
simultaneous equations in terms of constants only, which can be solved for the unknown average
tractions. Note that the matrix operation in Eq. (24) serves the same purpose as the solutions of
simultaneous equations in Eq. (29). Certainly, Eq. (29) are more accurate than (24). However,
much less computational efforts are required for the analytical zeroth-order polynomial expansion
since no transmission factors involving numerical integrations are needed. Further, Eq. (24) are
expressed in close-form. The efficiency of analytical expressions over numerical computations
might not be very significant for a very few deterministic microcracks. Nevertheless, for ensemble-
averaged effective compliance computations of statistical microcrack arrays (involving hundreds
of random microcracks), the computational efficiency and simplicity of the zeroth-order polynomial

expansion are more favorable.
IV.3.2. Other higher order approximations

There are a number of methods in the literature which involve higher-order approximations of

microcrack interaction problems. Emanating from Eq. (1), the traction functions were expanded
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into Fourier series in Horii and Nemat-Nasser (1985), Moreover, Gross (1982) approximated trac-
tion functions by Tchebycheff polynomials. Both methods involve choosing a parameter which rep-
resents the ratio of the distances between microcrack centers to microcrack lengths. Higher-order
terms involving a chosen parameter are asymptotically dropped such that the number of terms cor-
responding to expanded tractions becomes finite. A system of equations containing the unknown
coefficients of the expansion and known constants are then constructed. Approximate tractions are
computed by substituting those coefficients solved from simultaneous equations back into the trac-
tion expansions. Significant errors are observed for the foregoing two methods when microcracks
are closely located.

IV.3.3. Comparisons of SIFs for zeroth order approximation

For the case of two collinear interacting cracks in Figure 2, the SIFs solved by applying the
zeroth order approximation at center points are listed in Table 6 and Table 7 for the inner and
outer tips, respectively. Results by Kachanov and Gross are also compared with the exact values
given by Erdogan (1962). Kachanov’s method which is a special case of Benveniste’s method ap-
pears to be the best approximation in both tables. If no projection is performed in the center-point
approximation, the results are no better than Gross’. However, with a simple stress projection,
the center-point method becomes better than the fourth order asymptotic method of Gross. Acti-
ally, center-point zeroth order approximation with stress projections is comparable to the method
proposed by Kachanov.

Although center-point zeroth order approximation method is improved by the cperation of
stress projection, the orthogonal function approximation method employed in this paper is shown
to be better when Table 6 and Table 7 are compared with Table 2. Another advantage for the
orthogonal function approximation method is that higher accuracy may be achieved by simply
increasing the number of order used in the numerical implementation. The entire formulation is
highly systematic so that the computer implementation for any order of approximation is easy and
straightforward.
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Table 6. Comparison of normalized inner-tip SIFs for two interacting collinear cracks

Zeroth Order Approximation
k Exact Kachanov Gross No Projection | Exact Projection

0.9 1.0004 1.0004 1.0004 1.0004
0.75 1.0028 1.0028 1.0026 1.0028
0.5 1.0176 1.0173 1.0144 1.0176
0.25 1.0804 1.0696 1.0507 1.0797
0.2 1.1125 1.112 1.0911 1.0646 1.1109
0.1 1.2551 1.251 1.1564 1.1061 1.2423
0.05 1.4729 1.452 1.2062 1.1380 1.4200
0.02 1.9046 1.809 1.2441 1.1630 1.7039
0.01 23716 2.134* 1.2583 1.1727 1.9410
0.001 5.3947 3.401° 1.2719 1.1819 2.7825
0.0001 13.3456 4.731° 1.2733 1.1829 3.6462

10-¢ 93.0293 7.309 1.2734 1.1830 5.3798
* from Benveniste et al. (1989) ** 2 138 from Benveniste et al. (1989)

IV.4. Applications of complex stress potentials to crack interaction problems
IV.4.1. Concentrated loadings

Consider the problem of a single crack with half-length a loaded at z = b by normal and
shear forces, P and @Q, as shown in Figure 3. Complex stress potentials which solve this problem
completely are readily given in Tada et al.(1973):

z Vad — ¢
(7} -8 o= 60

where z = z + iy and i = /—1. For normal loading (Mode I) the stresses and displacements are
O.r = ReZy — yImZ;
o, = ReZ; +yImZ, (31
Try = —yReZ]

and —
2Gu=(1 - 2v)ReZ; — yImZ;

2Gv =2(1 — v)ImZ; — yReZ;
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Table 7. Comparison of normalized outer-tip SIFs for two interacting collinear cracks

Zcroth Order Approximatic
k Exact Kachanov Gross No Projection | Exact Projection

0.9 1.0003 10003 | 1.0004 1.0003
0.75 1.0024 1.0024 1.0026 1.0024
0.5 1.0125 1.0126 1.0144 1.0125
0.25 1.0409 1.0426 1.0507 1.0406
0.2 1.0517 1.052 1.0540 1.0646 1.0510
0.1 1.0863 1.086 1.0880 1.1061 1.0828
0.05 1.1198 1.118 1.1136 *.1380 1.1096
0.02 1.1589 1.154 1.1332 1.1630 1.1339
0.01 11841 | 1175 | 1.1406 1.1727 1.1451 |
0.001 1.2443 1.214° 1.1476 1.1819 1.1591
0.0001 1.2808 1.227° 1.1484 1.1829 1.1613

10-° 1.3212 1.233 1.1484 1.1830 1.1616

* from Benveniste et al. (1989)

where
7= / Zz)dz  and  Z) = di’z(’)
In the case of shear loading (Mode I7),
0.r =2ImZy +yReZy,

oy = —yReZy (33)

Ty = ReZy — yImZy,

and _
2Gu=2(1 ~v)ImZ+yReZy
- (34)
2Gv = —(l - 2V)R€Z" - yImZn
where
— dZ
Zy = / Zn(z)dz  and  Zj = —7":(—23

Shear modulus and Poisson’s ratio are denoted by G and v, respectively in Eq. (32) and Eq. (34).
The displacements in r and y direction are u and v, respectively.

When a microcrack is loaded by only normal pressure, the problem becomes symmetric with re-
spect to the r-axis. Relative horizontal opening displacements vanish and relative vertical opening
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displacements are simply twice the vertical displacements along the microcrack line. By contrast,
in the case of shear loading, the problem becomes anti-symmetric with respect to the microcrack
tine. Therefore, the relative vertical opening displacements vanish and the relative horizontal open-
ing displacements are simpl'’ two times the horizontal displacement along the microcrack line. See

Figure 4 for a schematic rcpresentation.

Accordingly, the effects of normal and shear loadings to vertical ard horizontal opening dis-
placements are uncoupled. Stress potentials are calculated by Eq. (30). The displacement com-
ponents along the microcrack line are then obtained threugh Eq. (32) or Eq. (34). Therefore, for
normal laading, we have

[ul=0 and [l =20} (25)

and for shear loading
[x1=0 and [:] = 2u|,=0 (36)

Assuming that the totai volume of the solid containing the microcrack to be V, with the ap-
plication of divergent theorem, the a\ :rage microwrack-induced strain can be written as [Horii and

' Nemat-Nasser (1983))

?‘7=-‘17 (Iul @n+n® [ul)dS; 37N
S

where n denotes the normal of the crack lines S; and vector [u]) = ([u], [v])” the crack opening
displacements. Substituting Eq. (30) into Eq. (32) and Eq. (34) and by the nature of symmetry and
anti-symmetry, respectively, of Mode  and Mode I loadings discussed above the induced strains

ar¢

w40 -3 P
{Jl}_—ﬁ—\/az—bz{Q} (38)

M2
in which the Young’s modulus is denoted by F.
IV.4.2. Arbitrary loadings

For any arbitrary forms of loadings P(z) or Q(z), the cuncept of the famous Green'’s function is
applied to derive to the stress potentials and the strains. The stress potentials given by Eq. (30) and
the corresponding strains given by Eq. (38) are for the case of a crack subjected to the concentrated
loading applied at a point on the two-dimensional crack line. When a normal or shear Ioading in

the form of an arbitrary function apllied on the crack line, the two equations serve as the Green's
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function for this problem. Strains are therefore related to the loadings by integrating the product of
loading functions and Eq. (38) over the entire crack line
€5, 41 - v?) P( )
€3 T
{7,;} “VE / Ve {og ) é 3%
Following the same logic, the corresponding stress potentials can be derived from Eq. (30)

: w JIETH
(Zo)=3 |, eovr={ad) « “)

and the corresponding stresses and displacements are obtained by the substitution of stress poten-
tials calculated from Eq. (40) into Egs. (31) to (34).

IV.4.3. Polynomial loadings

Consider the special cases where loadings are simple polynomials. Assuming that P(z) =
Po(2)" and Q(z) = @n(%)", the integration in Eq. (39) is an Euler integration of the first kind by a
change of varichle. With the help of the Beta function, strains are written as

< A0 -3 ( p 3 1
2 ~~VE— 2n L o2B(Z n + 41
{1;2} {an}“B(z’“z) @l
where the Beta function is defined in terms of the Gamma function I'(z):
‘ T'(p)'(g)
BG, E/xr-'u -1 gy = LON(Q) 42)
®.9 A (1-1) Tp+9)

Similarly, stress potentials for polynomial loadings can be derived. Listed below are stress poten-
tials for the polynomial loadings up to the fourth order:

Z0(z) = 29(:z) = z Z—a
()= Zi() = — s
PR s, sumaps, S )
Z;”(:) - Z;})(:) - z FAVE4 a a /2
ay/ Z§ — (12
3_ .2 2
@y Dy =2 -a-za/2 4
ZI (Z) - Z” (Z) = az\/—_ a2 ( 3)
4_ .3 T a - 2%?)2 - a*/8
70y = z®(py o L -2 VZ ~a 2%a?/
=25 PV
Z9(z) = Z“)( = — 222 T g% - %2 [2 — za*/8
a‘\/zi —a?
Microcrack opening displacements for a microcrack subjected to polynomial normal and shear
loadings
P(z) " [P 44
{omt=(G)"{&) 49
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can thus be derived by method outlined in this section:

= [QuD(@) _ [ P
ted = { e } = 4@ { 51 ) “3)
where A, (z) forn =0,1,2,3,4 for plane strain are
.
Ay = X2/
_4(1—:/2) 3 x
M@ = ——— V=2 (1)
41 — 12 1 22
. A;(:c):-(—ET_'Q a? ~ r2 (E+'3%5) (46)
M=) sz 2P
A3(_7;)—-T- a’ -~z (-8.a'+4_a§
_41 - 3 27 z‘)
Adla) = ——F— Ve *I’(za*m'f*s:;s

The factor (1—-12) should be removed from Eq. (46) for plane stress problems. Itis noted that micro-
crack opening displacements corresponding to even-order polynomial loadings are even functions.
On the other hand, the odd-order polynomial loadings result in odd microcrack opening displace-
ment functions. That is,

An(—2) = (=1)"An() 7

for non-negative integers k. Derivations of Eq. (43) and Eq. (46) are carried out with the assis-
tance of symbolic mathematical softwares MAPLE and MATHEMATICA. Similar results may be
obtained for any number of n.

Now, assume that there are N cracks which are all aligned such that their normal directions
coincide the y-axis. Further, we assume that tensile and shearing forces are applied homogeneously
over the solids. By neglecting the interaction effects, the volume average compliances due to the
presence of microcracks can be derived by letting n = 0 in Eq. (41) and summing over N cracks:

Po QQ V E 2’2 (48)
1 u22
= E nTw

Note that the well-known Taylor’s model is recovered by Eq. (48).
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IV.S. Local and overall effective elastic moduli
IV.5.1. Local ensemble averaged moduli

Assuming that the distribution of microcracks satisfies reasonable randomness and local ho-
mogeneity [Hinch (1977)] and that no microcracks intersect one another, statistical tractions at a
local material point are obtained by considering the effect of two-crack interaction and averaging
the effect over all possible microcrack configurations. See Ju and Tseng (1992b) for a morc de-
tailed discussion. Let T(z) = (p(x), g(x))7 be the vector of local tractions. Ensemble averaged
tractions at a local point are the sum of far field loading-induced component and the component
due to two-crack interaction:

(T)(x1, a1, 6;) = {Ko(xy, a1, 1) + f(x1, a1, 1){K)(x;,0a1,8,)} - 0% (49)
where the transformation matrix is defined by

_ | sin?6, c05201 —sin 26,
Ko(x1,a1,61) = [ 3 sin 26, 2sm 20, cos26, (50)

and (in the probability space)
(K)(x1,a1,0)) = /K(Xx,ahglzxz, az, 6;) dx,da2db, (51)
r

in which K denotes a two by three matrix whose components are solved from the system of equa-
tions described in Section 2. Each column of K represents a specific loading condition. The first,
second, and third column correspond to the cases in which the solid is loaded only by 077, o7, and
7.y Tespectively. The two components in each column are the normal and shear tractions solved
from the system of equations. Local tractions are once again statistically averaged over all possi-
ble crack configurations at that material point. With the help of Eq. (39), ensemble averaged local
strain takes the form

2
(€)(x) = f() )/// Va? - 2g - (T) f(a,0) dt da db (52)

where g is local-global n'ansformanon matrix. Note that the ensemble operator is performed in the
probability space, not in the physical space.

Local statistical compliances are then obtained by substituting Eq. (49) into Eq. (52). The
microcrack-induced complianccs are separable into two parts:

2

(8Hx) = f() )/// Va? - 12g-Kof(a,0) dt da df
2

(§)(x) = f() ) / / / Va2 - t2g- (K)f¥a,6) dt da d6
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IV.£.2. Overall ensemble averaged effective elastic moduli

We assume that statistical homogeneity holds. Therefore, the volume average is equal to the
ensemble average. Accordingly, the ensemble-volume averaged microcrack-induced compliances
take the form

w0 [ [ [T Kode daao
7 = (,_,z)sz/// V1— 8¢ (K) dt da df

where w = ’—Vf-’- denotes the microcracks density parameter. Note that {S*T) represents the first-order

(54)

effects due 1o the presence of microcracks. Microcrack interaction effects are represented by (S*2)
which is of the second-order in w. It is emphasized that our second-order compliance formulation

is completely different from the dubious second-order stiffness formulation proposed by Hudson.

Following the Voigt's notation for strains, the ensemble-volume averaged overall constitutive
equation is
(&) ={5)- o (55)

where e = (¢}

R
zr Cyys

Ze;y)T. The overall ensemble-volume averaged compliance consists of three

components:

—— ———— t———————

(S) =8°+(81) +(87%) (56)

in which, since the solid is assumed to be isotropic linear <lastic, the elastic compliance is

v —v 0
su“*"’{ Ly 1 o] (s7)

E | o o 2

Remark 5.2.1: The effective properties normally relate the average strains with the average average
stresses or mathematically, -(?)— = 2‘5‘) . za_). However, in Eq. 55, the relations between the average
strains and the far field applied stresses are established. This defines a set of slightly different
effective properties. In case that the average stresses are very close to the far filed applied stresses
(o> =~ (_c;)), the two definitions are equivalent. 8
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IV.6. Some numerical examples

For simplicity, all microcracks are assumed to be of equal size and uniformly distributed in
locations. Legendre polynomials of the fourth order are adopted as base functions. The number N
in Eq. (9) is therefore set to 4. Twenty unknowns are solved from twenty equations for each two-
crack interaction problem. Two categories of problems with different orientation distributions are
considered. In the first category, all microcracks are assumed to be alinged (parallel) yet randomly
located. The compliance matrix due to the presence of microcracks is

TST’.)_?- ! —V227rw [8 (l) 8]
: E 00 1
which is in consistent with the Taylor’s model given by Eq. (48). On the other hand, only two
components in the 3 by 3 microcrack-interaction induced compliance matrix are non-zero:

 1_,2 [00 0
&7 = ] ”mﬁ{o g o}

(58

(59)

E 00 r
The constants r; and r; are given in Table 8 for two cases with and without stress projections.
To ensure that no microcracks intersect each other, a small elliptical probabilistic region surround-
ing a microcrack is excluded when performing the numerical Gauss integration. Major axis of the
elliptical probabilistic region coincides the crack line. The lengths of major axes for all computa-
tions are twice the crack size. The parameter k is defined as the ratio of minor axis to the crack
size. See Figure § for a schematic illustration. A smaller k value implies that stronger interacting

microcracks are allowed to appear in the neighborhood of a given microcrack.
Table 8. Results for aligned microcracks by using the fourth order Legendre polynomials.

T 2
h No Projection Exact Projection No Projection Exact Projection
20 1.253 1.253 0.489 0.489
1.5 0.721 0.721 0.572 0.572
1.0 0.248 0.248 0.618 0618
0.5 -0.006 -0.006 0.528 0.528

Randomly oriented and located microcracks are considered in the second category of examples.

Much more computational efforts are required in these cases.

1—-v

E

(&) =

2
™
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Table 11. Results for microcracks with random orientation by using the center point.

81 S 53
h No Exact No Exact No Exact
Projection | Projection || Projection | Projection || Projection | Projection
20 3.685 3.497 0.405 0.364 6.559 6.265
1.75 3.443 3.928 0.236 0.430 6.411 6.995
1.5 3.279 4487 0.063 0.509 6.432 7.956

There are three non-zero independent components in the microcrack-interaction induced compli-

ance:

L

1- V2 8 82 0
(82 = iAls; s 0 (61)
nE 0 0 s

Since the orientations of the microcracks are random and the original material is isotropic, the
overall compliance should be isotropic. In this case, the three components of the overall compliance
matrix Eqs. (57), (60), and (61) are all isotropic. Therefor, the property of isotropy is preserved
in the ensemble-volume averaging process. Numerical results of s;, s2, and s; for cases with and

without the operation of stress projection are shown in Table 9.

Table 9. Results for microcracks with random orientation by using the fourth order Legendre.

sy Sy 383
h No Exact No Exact No Exact
Projection | Projection || Projection | Projection || Projection | Projection
20 1.036 1.036 0.014 0.014 2.046 2.046
1.75 -0.364 -0.364 -0.257 -0.257 1.243 1.243
1.5 -1.098 -1.098 -0.573 -0.573 0.408 0.408

As a comparison, Tables 10 and 11 display the results for the two categories by using only the

crack-center points approximations [see Ju and Chen (1991a)).

Table 10. Results for aligned microcracks by using the center point interaction.

Ty ry

h No Projection Exact Projection No Projection Exact Projection
20 1.173 1.116 0.481 0.447
1.0 0.364 0.022 0.686 0.542
0.5 0.640 -0.398 0.688 0.372
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From Tables 8-11, we observe that there is no difference on the overall compliances with
or without the stress projection procedure when the fourth order Legendre family is employed to
approximate the interactions. It suggests that the fourth-order Legendre approximation itself is
accurate enough so that a further stress projection dose not affect the results. On the other hand,
center point interaction approximation appears to be less accurate. Different results are obtained for
the two categories with or without a stress projection. It is observed that the column r, in Table 8
exhibits a decrease as h becomes smaller. Since microcracks are aligned in this case, a decrease
in the & value allows more interaction effects from the random second crack which is likely to be
approximately stacked on top of the given first crack. As mentioned in Section 2, stacked cracks
tend to interact against each other. A shielding effect which decreases the value of ry should be
expected. Therefore, the trend in the r; column in Table 8 is rational.
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IV.7. Conclusions

Accurate microcrack interaction method is incorporated into the framework of statistical mi-
cromechanical model to estimate the effective elastic moduli of brittle solids. A linear system of
equations is obtained through the numerical function approximation method by using the family
of orthogonal base functions. The proposed method is capable of solving the problems of very
strongly interacting microcracks. Higher accuracy is achieved by increasing the order used in the
approximation and solving the resulting larger system of equations. The system of equ.:ons for

many-microcrack interaction problems can be constructed in a similar manner.

Corr;plex stress potentials are shown to be a useful tool for the crack-interaction and compli-
ance problems. Based on the single crack stress potentials corresponding to concentrated loads,
relevant quantities such as stresses, strains, displacements and complainces are derived for any
arbitrary loadings. Simple and useful results are obtained for the special cases of polynomial load-
ings. Extensive numerical computations are required for the overall ensemble-volume averaged
elastic moduli. Numerical examples show that the fourth order Legendre approximation is accu-
rate enough so that further stress projection is not necessary. However, the stress projection should

be applied to improve the accuracy if center-point interaction approximation is used.
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Figure 1.
Figure 2.
Figure 3.
Figure d.
Figl;re S.

Figure 6.

IV.9. Figure captions

Coordinate systems for two microcracks.

Three cases of two-crack interaction configurations.

A single crack subjected to a pair of concentrated normal and shear loads.
Symmetry and anti-symmetry for normal and shear loadings.

Active integration domain.

Four cases of microcrack configurations.
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Figure 1. Coordinate systems for two microcracks.
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Figure 2. Three cases of two-crack interaction configurations.
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Figure 3. A single crack subjected to a pair of concentrated normal and shear loads.
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Figure 4. Symmetry and anti-symmetry for normal and shear loadings.
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